c^ 



(N 



S 



Tail Asymptotics for Cumulative Processes Sampled at 
Heavy-Tailed Random Times with Applications to Queueing 
- V. , Models in Markovian Environments! 

o 

(N 

^ ! Hiroyuki Masuyama|l| 

(^ . Department of Systems Science, Graduate School of Informatics, 

^ ■ Kyoto University, Kyoto, Japan 

S^^ [ Abstract: This paper studies the tail asymptotics of a cumulative process {-B(t); t > 0} 

sampled at heavy-tailed random times T, where T has a dominant impact on the asymp- 
totic behavior of P{B{T) > x). We establish several sufficient conditions for the asymp- 
^ ■ totic equality P{B{T) > hx) ~ P{M{T) > hx) ~ P(r > x) as x ^ oo, where 

^ • M{t) = suPq<^<^ B{u) and 6 is a certain positive constant. We also apply the obtained 

r^ ' results to the subexponential asymptotics of the loss probability of a single-server finite- 

\^ , buffer queue with an on/off amval process in a Markovian environment. 

cn 

O ■ Keywords: Queue, Markovian environment, batch Markovian arrival process (BMAP), 

tail asymptotics, sampling, cumulative process, heavy-tailed 



"k> ■ AMS 2000 Subject Classification: 60G50 (Sums of independent random variables; 

random walks) ■ 60F10 (Large deviations) • 60K25 (Queueing theory) 



1 Introduction 

The main purpose of this paper is to provide mathematical tools for investigating the heavy- 
tailed asymptotic behavior of queueing models in Markovian environments. Many researchers 
have studied the heavy-tailed asymptotics of the random sum of random variables (r.v.s), and 
several interesting results have been reported in the literature. However, those results can 
not be applied directly to queueing models in Markovian environments, such as queues with 
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batch Markovian arrival processes (BMAPs) [31J and general semi-Markovian arrival pro- 
cesses. Therefore, in this paper, we construct a framework for studying the heavy-tailed asymp- 
totics for such queueing models. 

Let {B(t)]t > 0} denote a (possibly delayed) cumulative process on M := (—00,00), 
where |-B(0)| < 00 with probability one (w.p.l) (see, e.g., [41]). Let r„ (n = 0, 1, . . . ) denote 
the nth regenerative point of {B{t)}. Let Ai?„ = B{Tn) — -B(r„_i) and Ar„ = r„ — r„_i 
for n = 0, 1, ... , where r_i = 0. The Ai?„'s (resp. Ar„'s) {n = 1, 2, . . . ) are indepen- 
dent and identically distributed (i.i.d.) and independent of Ai?o (resp. Atq). Let Ai?* = 
sup^,^_^<4<^,^ B{t) - B{Tn-i) for n = 0, 1, . . . . Clearly, A5* > A5„ for n = 0, 1, . . . , and the 
A_B*'s (n = 1, 2, . . . ) are i.i.d. and independent of ABq. Further, let M{t) = supo<„<i B{u) 
for t > 0. 

Throughout this paper, we assume that 

P(0 < Ar„ < 00) = P(0 < AB*„ < 00) = 1 (n = 0, 1), 

E[|ASi|]<oo, 0<E[Ari]<oo, 6 := ^^^ > 0. (1.1) 

If E[sup^Q<4<^^ \B{t) — B{to)\] < 00, then the strong law of large numbers (SLLN) for {B{t)} 
holds, i.e., \im.t^oo B{t)/t = b w.p.l (see, e.g., jSl Chapter VI, Theorem 3.1]). 

This paper studies the tail asymptotics of P(B{T) > x), where T is a nonnegative r.v. 
for sampling times of {B{t)}. This study is motivated by the tail asymptotics for queueing 
models in Markovian environments. We now present a typical example of the application of 
the asymptotic results for P{B{T) > x). Consider a stationary BMAP/GI/1 queue under the 
first-in-first-out (FIFO) discipline. Suppose T is the service time of one customer, and B(t) is 
the total number of BMAP arrivals in the interval (0, t], which is a cumulative process. It is 
known that the subexponential asymptotics of the queue length distribution is closely related to 
the tail asymptotics of the number of arrivals in the service time of one customer (see [|32l |42l), 
which is just an application of the asymptotic result for P(B(T) > x) with T being independent 
of {Bit)}. 

The main contribution of this paper is to establish sufficient conditions for 

P{B{T) > bx) ~ P(M(T) > bx) ~ P(T > x), (1.2) 

where for any functions / and g, f{x) ~ g{x) represents limj-^oo f{x)/g{x) = 1 (if the limit 
holds). There have been several related results. Before stating them, we need some definitions: 

Definition 1.1 A nonnegative r.v. X and its distribution function (d.f.) Fx belong to the long- 
tailed class C if P{X > x) > for all a; > and P{X > x + y) ^ P{X > x) for some (thus 
all) y>0. 
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Definition 1.2 (i) pth-order long-tailed class C^ ip > 1): A nonnegative r.v. X and its d.f. 
Fx belong to class £p if X^/'p G C. Further, if X G C^''^ (resp. Fx G C^''^) for any 
< ^ < 1, we write X G £°° (resp. Fx G £°°) and call X (resp. F^) infinite-order 
long-tailed. 

(ii) Consistent variation class C: A nonnegative r.v. X and its d.f. Fx belong to class C if 
Fx{x) > for all X > and 

limliminf^ = 1 or equivalently, limlimsup^ = 1, 

vil x^oo Fx{x) "tl x^oo Fx{x) 

where Fx{x) = 1 — Fx{x) for all x G M. 

Remark 1.1 Clearly, £} = L and C} is equivalent to the class of square-root insensitive distri- 
butions (see Lemma 1 in itlSl ). Typical examples of the distributions in CP are the following: 

(i) P(X > x) ~ exp{— x"}, where < a < 1/p. 

(ii) P(X > x) ~ exp{— x^/^/(logx)'''}, where 7 > 0. 

Remark 1.2 The class C is sometimes called intermediate regular variation class. As for the 
inclusion relation between class C and higher-order long-tailed classes, it holds that C C C°^ C 
ly <Z L for all p > 1 (see also Remark lA.ll and Lemma |A3] ). 

We now give a review of the related works, which are classified into two cases: (i) T is 
independent of \B{ty\\ and (ii) T is not necessarily independent of \B{t)). The former is 
called independent- sampling case, and the latter is called non-independent-sampling case. The 
non-independent- sampling case includes a case where T is a stopping time with respect to 
{Bit)}. 

To the best of our knowledge, there are a few results in the non-independent-sampling case. 
Robert and Segers [|37l consider a special case where 

Bif) = yj Xn with the X„'s being i.i.d. nonnegative r.v.s. (1.3) 

n=l 

For the special case, they present the following results: 

Proposition 1.1 (Theorem 4.1 in Robert and Segers ll37]| ) Suppose X, Xi, X2, . . . are i.i.d. 
nonnegative r.v.s. Further, suppose (i) T satisfies 

P(T > X + ya(x)) „ ^ ^, ,, 

hm^———^^^ = e-y, yeR, (1.4) 

X-5-00 H[i > X) 
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for some function a(x) (x > 0) such that lim^_>oo x"^'^ /a{x) = 0; and (ii) E[e'^^] < oo for some 
7 > 0. Then 

P(Xi + ■ • • + Xltj > E[X]x) ~ P(r > x). (1.5) 

Proposition 1.2 (Theorem 3.1 in Robert and Segers Il37ll ) Suppose X, Xi, X2, . . . are i.i.d. 
nonnegative r.v.s. Then di.5D holds if (i) T G C; (ii) E[X^] < 00 for some 7 > 1; and (Hi) 
xP{X > x) = o(P(T > x)), where for any functions f and g, f{x) = o{g{x)) represents 
lima,_>.oo f{x)/g{x) = (if the limit holds). 

Next, we review the independent- sampling case. Asmussen et al. flUl prove 

P{B{T)>bx)^P{T>x), (1.6) 

where {B{t)} is assumed to be a renewal counting process. They also show that an important 
necessary condition for (11.61 ) is that vT is heavy-tailed, i.e., P(T > x) = e~°'^^\ Foss 
and Korshunov ifTSl extend Asmussen et al. iSl's results to more general renewal counting 
processes and sampling times (see Theorem 5.1 therein). As for the general cumulative process, 
Jelenkovic et al. Il25l present the following: 

Proposition 1.3 (Proposition 3 in Jelenkovic et al. Il25ll ) Suppose T is independent of {B{t); t > 
0}. Further, suppose (i) T e C^ (i.e., VT e C); (ii) E[(Ari)2] < 00 and A5„ >0(n = 0,l) 
w.p.l; and (Hi) E[ex-p {r]^y A B*^}] < 00 (n = 0, 1) for some t] > 0. Then (\1.2\) holds. 

There are some results on the random sum of r.v.s in the independent-sampling case. 

Proposition 1.4 (Theorem 1.2 in Aleskeviciene et al. ||1]]) Suppose X, Xi, X2, . . . are i.i.d. non- 
negative r.v.s and T is independent of {X„; n = 1,2,...}. Further, suppose (i) T G C; (ii) 
E[X] < cx); and (Hi) E[T] < 00 and P(X > x) = o{P{T > x)). Then ([731) holds. 

Lin and Shen [1301 extend Proposition 11.41 to the case where the X„'s are asymptotically 
quadrant sub-independent and identically distributed (see Theorem 2.1 (I) therein). Robert and 
Segers [|37l present a theorem similar to Proposition [L4](see Theorem 3.2 therein). The theorem 
states that (II. 5h requires E[X^] < 00 for some r > 1, which is more restrictive than condition 
(ii) of Proposition 1 1.41 However, the theorem also presents a sufficient condition for (|1.5I) with 
E[T] = 00, which is described in the following: 

Proposition 1.5 (Theorem 3.2 in Robert and Segers Il37ll ) Suppose X, Xi, X2, . . . are i.i.d. 
nonnegative r.v.s and T is independent of {X„; n = 1,2,...}. Further, suppose (i) T E C 

and E[T] = 00; (ii) E[X''] < 00 for some r > 1; and (Hi) E[T ■ 1(T < x)] = 0{x'iP{T > x)) 
for some 1 < q < r, where ]l(x) denotes the indicator function of an event x- Then ( \1.5\) holds. 
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In what follows, we summarize the contributions of this paper. For the non-independent- 
sampling case, we assume that {B{t)} is nondecreasing with t (e.g., {B{t)} is a counting 
process of BMAP arrivals). Under this assumption, we present two theorems: Theorems 13.11 
and l3.21 which are extensions of Propositions [TTn and |1.2| respectively, to the general cumulative 
process, and which are still more general than the propositions even if (|1.3I) holds, i.e., B(T) is 
reduced to the random sum of i.i.d. nonnegative r.v.s. 

As for the independent- sampling case, we do not necessarily assume that {B{t)} is nonde- 
creasing with t, which means that Ai?„ can take negative values. We first present two theorems: 
Theorems 13.31 and 13.41 Theorem 13 . 3 1 provides a weaker sufficient condition for (11.21 ) than that 
in Proposition 1 1.31 Theorem 13. 41 is an extension of Propositions 1 1 .41 and 1 1 .51 to the general cu- 
mulative process. However, unfortunately, when B{t) satisfies (11.31) . one of the conditions of 
Theorem 13 .4| is more restrictive than the corresponding ones of Propositions [L4l and 1 1.51 Thus, 
instead of the general cumulative process, we next consider a special case where B{t) = B{ \t\ ) 
for all t > and {B{n)]n = 0, 1, ... } is the additive component of a discrete-time Markov 
additive process (see, e.g., [3, Chapter XI, Section 2]), which implies that B{T) is the random 
sum of r.v.s with Markovian correlation. Under this assumption, we prove another two theo- 
rems that completely include Propositions II .41 and 11.51 as special cases. Further, the theorems 
are readily extended to a continuous-time Markov additive process. 

As mentioned before, the results in the independent-sampling case can be applied to the 
stationary BMAP/GI/1 queue. Indeed, Masuyama et al. Il32ll present some formulas for the 



queue length and waiting time distributions by using Proposition ! 1.31 and thus it is expected that 
the results presented in this paper yield new formulas. In addition, unlike the existing results, 
our theorems for the independent- sampling case do not require the monotonicity of {B{t)} and 
thus they can be also applied to an M/GI/1 queue with negative customers (see, e.g., L5J) and its 
extension to BMAP arrivals. For lack of space, we omit the details. 

To demonstrate the utility of the main results in this paper, we discuss their application to the 
subexponential asymptotics of the loss probability of a discrete-time single-server queue with a 
finite buffer fed by an on/off arrival process in a Markovian environment. In the on/off arrival 
process, the lengths of on-periods (resp. off-periods) are i.i.d. with a general distribution, and 
arrivals in each on-period follow a discrete-time BMAP started with some initial distribution 
at the beginning of the on-period. We call the arrival process on/ojf batch Markovian arrival 
process (ON/OFF-BMAP), which is a generalization of the batch-on/off process [fTTI and is 
closely related to a platoon arrival process (PAP) [|2] |8] (see also Remarks 14.11 and 14.21) . For 
analytical convenience, we assume that service times are all equal to the unit of time. The 
queueing model is denoted by (ON/OFF-BMAP)/D/l/ii' in Kendall's notation. For this queue, 
we derive subexponential asymptotic formulas for the loss probability, combining our results 
with the existing ones on a finite GI/GI/1 queue [|22l|. 
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The rest of this paper is organized as follows. Section |2] summarizes preliminary results. 
Section [3] presents the main results, and Section |4] discusses their application to the (ON/OFF- 
BMAPyD/l/fi' queue. Appendix lAl is devoted to preliminary lemmas. The proofs of all the 
lemmas and theorems are given in Appendices |B] and O 

2 Preliminaries 

For later use, we introduce the following notations. Let C (resp. c) denote a special symbol 
representing a sufficiently large (resp. small) positive constant, which takes an appropriate value 
according to the context. Thus C (resp. c) can take different values in different places. For 
example, C in a place may be equal to C + 1, 2C and C^, etc. in other places. For any r.v. U 
in M, let [/+ = max(?7, 0) and let Fu denote the d.f. of U, i.e., Fu{x) = P{U < x) for x e R, 
which is assumed to be right-continuous. Further, let Fu = 1 — Fu and Qu = — log Fu- The 
latter is called the cumulative hazard function of U. Finally, for any nonnegative functions / 
and g, f{x) = 0{g{x)), f{x) <^ g{x) and f{x) >^ g{x) represent 

limsup /(x)/(7(x) < oo, limsup/(x)/5'(x) < 1, liminf /(x)/(7(x) > 1, 

respectively. 

2.1 Subexponential distributions 

We begin with the definition of the subexponential class. 

Definition 2.1 A nonnegative r.v. X and its d.f. Fx belong to the subexponential class S if 
P{X > x) > for all X > and P(Xi + X2 > x) ~ 2P(X > x), where Xi and X2 are 
independent copies of X. 

Remark 2.1 The class S was first introduced by Chistyakov [[TOl . and it was shown that 5 is a 
strictly subclass of the class C, i.e., S C C (see [36]). 

Next we introduce the subexponential concave class SC, which is a subclass of the subex- 
ponential class S. The SC class plays a key role in establishing large deviation bounds for a 
cumulative process. 

Definition 2.2 A nonnegative r.v. X, and its d.f. Fx and cumulative hazard function Qx belong 
to the subexponential concave class SC if the following are satisfied: (i) Qx is eventually 
concave; (ii) hm2,_>.oo Qx{x)/ log x = 00; and (iii) there exist some < a < 1 and xq > such 
that Qxix)/x" is nonincreasing for all x > xq, i.e., 

Qx{x) (xy ^ ^ ,^ 1, 

< — , X > M > Xq. (2.1) 



Qx{u) \u 
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We may use the notation SCa to emphasize the parameter a. 

Remark 2.2 Typical examples of the cumulative hazard function in SC are (i) (logx)''^x" and 
(ii) (logx)^ for sufficiently large x, where 0<a;<l, /3>1 and 7 G M. See Appendix IA.2l for 
further remarks. 

The following lemma is used to prove Theorems 13.11 and 13.31 
Lemma 2.1 Assume E[(Ai?i)^] < cx). 

(i) 7/'E[(Ari)2] < CX) and E[exp{(5(Ai?;^)}] < cx) fn = 0, 1) for some Q G SC, then for all 
X, M > 0, 

P ( sup {Bit) -ht}>u\<C (e-^"'/" + e""" + xe'^^^")) . 

(ii) LetABl* = sup,_^<,<,Jfi(r„_i)-5(t)). //E[exp{g(A5r+6ArJ}] < 00 (n = 0, Ij 
for some Q G SC, then for all x,u > 0, 

P f inf {B{t) - bt} < -u] < C fe"""'/^ + e""^^ + xe-^'^^^'A . 

\0<i<a:: J \ / 

In the two above inequalities, C and c are independent ofx and u. 

Remark 2.3 Lemma [211 (i) is a slight extension of Proposition 1 in ^2S\, though the latter 
assumes that Ai?i > w.p.l. 

2.2 Dominatedly varying distributions 

The following is the definition of the dominated variation class. 

Definition 2.3 A nonnegative r.v. X and its d.f. Fx belong to the dominated variation class V 
if Fx{x) > for all X > and 

Fx{vx) 

limsup -^= < 00, 

X— >-oo Fxyx) 

for some (thus for all) v G (0, 1). 

Remark 2.4 It should be noted (see, e.g., Section 1.4 in [[T3l|, and |[II1[I3) that 

c ccnv cs, V (^s, s (^v. 
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For any d.f. F, let 



Fivx) Fivx) 

F^{v) = liminf _ , F* {v) = lim sup _ , v>0 

" "' F{x) x^oo F{x) 



a;— >oo 



and let 



i)-s>oo logV i.->oo logf 



Strictly, Jp and Jp are called the upper and lower Matuszewska indices of the function 1/F(x) 
on [0, oo) (see, e.g.. Section 2.1 in |l6l). For simplicity, however, they are sometimes called the 
upper and lower Matuszewska indices of d.f. F. 

Proposition 2.1 (Proposition 2.2.1 in ||6|]) Suppose F e V. Then for any ai < Jp and 0^2 > 

Jp, there exist positive numbers Xj > and Cj > fi = 1, 2j such that 



^>C2(-\ ^\ Vx>Vy>X2. 



F{y) - \y 

F{y) - \y 
Therefore, a;~" = o{F{x))for all a > Jp 



3 Main Results 

This section consists of three subsections where we present several theorems on the asymptotic 
equality (11.21 ) or (11.61 ). Subsection 13. 1 1 extends the existing results to the general cumulative 
process described in Section [T] However such a generalization is not completely performed in 
the case where T is consistently varying and independent of {B(t)}. To solve this problem, 
subsection 13.21 discusses a special case where B{t) = B{[t\) for all t > and {B{n);n = 
0, 1, . . . } is the additive component of a discrete-time Markov additive process. Subsection 13. 3 1 
extends the results in subsection l3.2l to a continuous -time Markov additive process. 



3.1 General case: cumulative process 

In this subsection, we assume b = I, i.e., E[Ai?i] = E[Ari] without loss of generality. Indeed, 
let B(t) = B{t)/h for t > 0. It then follows that {B{t)} is a cumulative process with the same 
regenerative points as those of {B{t)}, and that the asymptotic equality (11.21 ) is equivalent to 

P(5(T) > x) ~ P(M(T) > x) ~ P(T > x), where M(t) = supo<„<i5(t) fort > 0. 
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3.1.1 Non-independent-sampling case 

Theorem 3.1 Suppose {B{t)] t > 0} is nondecreasing with t. Further, suppose (i) T E C}l^ 
for some < 6* < 1/3; and (ii) E[exp{Q(Ar„)}] < oo and E[exp{Q(Ai?„)}] < oo (n = 0,1) 
for some Q G SC such that 

x''/^ = 0{Q{x)). (3.1) 

Then P{B{T) > x) ~ P(T > x). 

Remark 3.1 If {B{t); t > 0} is nondecreasing with t, then M(t) = B{t) for all t > 0. 

Remark 3.2 In order to prove Theorem |3.1| we use Lemma |2n which requires E[(Ari)^] < oo 
and E[(A_Bi)^] < oo though they are not explicitly assumed. These two conditions are satisfied 
due to condition (ii) of Theorem 13.11 and the nonnegativity of Ari and ABi. Indeed, if a 
nonnegative r.v. X satisfies E[e*^'^^)] < oo for some cumulative hazard function Q E SC, then 
E[XP] < oo for any p > because e"^^^^ > x^ for sufficiently large x > (see condition (ii) of 
Definition [221). 

We make a comparison of Theorem 13.11 and Proposition 11.11 For this purpose, suppose 
{B{t)} satisfies (Q. We then have tq = 0, Ar„ = 1 (n = 1, 2, . . . ), ABq = and Afi„ = X„ 
(n = 1,2,...). Thus, the conditions of Theorem 13. II are reduced to the following: 

(I) T E C}l^ for some < ^ < 1/3; and 

(II) E[exp{(5(X)}] < oo for some Q E SC satisfying (lO) . 

Condition (I) is equivalent to T E C^. On the other hand, condition (i) ofProposition ll.il 
implies that T belongs to the maximum domain of attraction of the Gumbel distribution (see, 
e.g., Theorem 3.3.27 in |[T3l ). It further follows from (11.41 ) and x"^^'^ = o{a{x)) that 

,. P(T>x + a;2/3) P(T>x + ea(x)) 
1 > lim -^—— ^ — - > lim ^ ^,^ -^^ = e'' ^ 1, as £ ^ 0, 

Z-5-00 P(r > X) a;-s>oo P{T > X) 

which implies that T E C^. Thus, condition (I) is necessary for condition (i) ofProposition ll.il 
In addition, condition (II) is weaker than condition (ii) of Proposition [TTT] due to Q{x) = o{x) 
(see Definition l2.2l) . As a result, we can see that the conditions of Theorem |3T| are weaker than 
those of Proposition 11.11 even if {B(t)} satisfies (|1.3I) . i.e., B{T) is reduced to the random sum 
of nonnegative i.i.d. r.v.s. 

Theorem 3.2 Suppose {B(t);t > 0} is nondecreasing with t. Further, suppose (i) T E C; 
(ii) E[(Ari)2] < oo; (Hi) P(Ar„ > x) = o(P(T > x)) and P(A5„ > x) = o(P(T > x)) 
(n = 0, Ij; (iv) xP{\ABi — Ari| > x) = o(P(T > x)); and (v) either of the following is 
satisfied: 
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(a) E[|Ai?i — Aril'] < oo for some r > 1; or 

(b) J x'^P{T > x)dx < oo for some y G (0, oo). 
Then P{B{T) > s) ~ P(T > x). 

Remark 3.3 We prove Theorem |3.2| by using Lemma lATSl which requires condition (ii). 

Remark 3.4 In Theorem [X2l the asymptotic upper and lower bounds, B{T) <a, P(r > x) and 
B{T) >x P(r > x), are proved by the same approach with the large deviation bounds for the 
maxima of partial sums of i.i.d. r.v.s (Lemmas |A . 9 1 and [A . 1 01 ) . However, the conditions required 
by the two asymptotic bounds are slightly different. The difference appears in conditions (iv) 
and (v): the upper one requires that xP{ABi — Ari > x) = o(P(T > x)) and either of the 
following holds: 

(a) E[{{ABi - Ari)+}''] < cx) for some r > 1 or 

(b) /°° x^^P{T > x)dx < oo for some y G (0, oo); 



whereas the lower one requires that xP(Ari — ABi > x) = o(P(T > x)) and either of the 
following holds: 

(a) E[{(Ari - ABi^Y] < oo for some r > 1 or 

(b) /°° x^^P{T > x)dx < oo for some y G (0, oo). 

It should be noted that these conditions are integrated into conditions (iv) and (v). 

We now compare Theorem 13.21 with Proposition 11.21 assuming that {B{t)} satisfies (11.31 ). 
Under this assumption, the conditions of Theorem 13. 2 1 are reduced to the following: 

(I) TeC; 
(H) xP{X > x) = o(P(T > x)); and 

(III) either of the following is satisfied: 

(A) E[X'] < oo for some r > 1; or 

(B) /°° x'^P{T > x)dx < oo for some y G (0, oo). 

Clearly, the set of conditions (I), (II) and (III. A) is the same as that of conditions (i), (ii) 
and (iii) of Proposition 11.21 Further, the set of conditions (I), (II) and (III.B) does not imply 
that of conditions (I), (II) and (III.A). In fact, suppose P(r > x) ~ (logx)"^ and P{X > 
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x) ~ a;"^(logx)"^. We then have T e C and xP{X > x) = o(P(T > x)). It also holds that 
E[X] < oo and J°^ x^^P(T > x)dx < oo for some y E (0, oo), which follow from 

^n> y>i,m^i. 



ly 

dx 1 



y 



x(loga;)'" (m — l)(logy)' 



Thus conditions (I), (II) and (III.B) are satisfied. However, condition (III.A) does not hold, i.e., 

E[X''] = oo for any r > 1 because 



a;V^(loga;)3 ~ a;(l/r)+(r-l)/(2r) 3,(r+l)/(2r) ' 

where < (r + l)/(2r) < 1 for r > 1. 

Consequently, the conditions of Theorem 13.21 are still weaker than those of Proposition 1 1.21 
in the context of the random sum of nonnegative i.i.d. r.v.s. 

3.1.2 Independent-sampling case 

Theorem 3.3 Suppose T is independent of {B{t);t > 0}. Further, suppose (i) T G C}^^ for 
some < 6* < 1/2; (ii) E[{ATif] < cx) and £[{/\Bif] < oo; and (Hi) E[exp{Q(AE;)}] < oo 
(n = 0, 1) for some Q e SC such that x^ = 0{Q{x)). Then P{B{T) > x) ~ P(M(T) > x) ~ 
P(T > x). 

Remark 3.5 We use Lemma [2T|(i) to prove P(M(T) > x) <x P(T > x). For this purpose, 
conditions (ii) and (iii) are assumed. Further, the proof of P{B(T) > x) >x P(T > x) requires 
the central limit theorem (CUT) for {B(t)}, which holds under condition (ii) (see, e.g., [|3l 
Chapter VI, Theorem 3.2]). 

Note that condition (i) of Theorem 13.31 is equivalent to condition (i) of Proposition 11.31 
Note also that condition (ii) of Theorem 13.31 is weaker than the corresponding condition of 
Proposition 11.31 because the positivity of Ai?„ and condition (iii) of Proposition 11.31 imply 
E[(A_Bi)^] < oo (see Remark [3^ . In addition, if Q{x) = r]y/x for some r^ > 0, then condition 
(iii) of Theorem 13. 3 l is reduced to condition (iii) of Proposition ! 1.31 Consequently, Theorem 13.3 1 
is a more general result than Proposition 11.31 

Theorem 3.4 Suppose T is independent of {B(t);t > 0}. Further, suppose (i) T G C; (ii) 
E[sup,„<i<,^ \B{t) - B{to)\] < oo and E[{An)^] < oo; (iii) P(A5; > x) = o(P(T > x)) 
(n = 0, 1); (iv) xP{ABi — Ati > x) = o(P(T > x)); and (v) either of the following is satisfied: 

(a) E[{(Ai?i - Ari) + }''] < oo for some r > 1; or 

(b) J°° x~^P{T > x)dx < oo for some y G (0, oo). 
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Then P{B{T) > x) ~ P{M{T) > x) ~ P(T > 



X] 



Remark 3.6 The asymptotic upper bound P(M(T) > x) <x PiT > x) is proved by al- 
most the same approach as Theorem 13.21 and its proof requires the same conditions except 
for the monotonicity of B(t). On the other hand, the asymptotic lower bound P(B{T) > 
^) ~a; P(^ > ^) is proved by a different approach using the SLLN for {B{t)}, which requires 
E[sup^jj<j<^^ \B{t) — B{to)\] < oo in condition (ii) (see 111 Chapter VI, Theorem 3.1]). 

Remark 3.7 Suppose {i?(t)} is nondecreasing with t. Then Ai?i = AB^ = sup^j|<^<^^ \B{t) — 
-B(to)|, which implies that E[sup^j,<«^^ \B{t) — B{to)\] < oo is satisfied by our basic assump- 
tion (11.11) . Thus conditions (i)-(v) of Theorem 13. 2 1 are sufficient for conditions (i)-(v) of Theo- 
rem [Ml 

We make a comparison of Theorem 13 .41 with Propositions II .4l and II .51 Suppose that {B(t)} 
satisfies (11.31 ). It then follows that the conditions of Theorem |3.4| are reduced to the following: 

(I) TeC; 

(II) xP{X > x) = o(P(T > x)); and 

(III) E[X''] < oo for some r > 1 or /°° x~^P{T > x)dx < oo for some y G (0, oo). 

Theorem 13. 4l does not necessarily require either the condition E[T] < oo of Proposition 1 1.41 
or condition (ii) of Proposition [T31 whereas condition (II) is not necessary for Propositions 11.41 
and 1 1.51 (see Remark below Theorem 3.2 in [|37l ). As a result. Theorem 13 .41 is not a complete 
generalization of Propositions 1 1.41 and 11.51 

3.2 Special case: discrete-time Markov additive process 

In this subsection, we extend Propositions |1.4| and |1.5| to the random sum of (possibly negative) 
r.v.s with Markovian correlation. For this purpose, we introduce a discrete-time Markov additive 
process. 

Let {Jn]n = 0,1,...} is a discrete-time Markov chain with a finite state space © := 
{0,1, . . . ,d — 1}. Let X„'s (n = 0,1, . . .) denote r.v.s such that 

P{Xo<x,Jo=j) = (3i{x), xeR, 

and for n = 0, 1, . . . , 

P(^n+l < X, Jn+1 = 3\ Jn = i)= Hij{x), X E R. 

Further, let Sn = J2^=o Xj for n = 0, 1, It then follows that {{Sn, J„); n = 0, 1, . . . } is a 

Markov additive process with initial distribution /3(x) = (/3i(x))jgi[i) and Markov additive kernel 
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(called "kernel" for short) H{x) = {Hij{x))ij<zo (x e M). For later use, let 3(0 and H{^) 
denote the characteristic functions of /3{x) and H{x), i.e., 



respectively, where i = -\/^. For simplicity, we omit "(0)" of vector /3(0), matrix H{0) and 
their elements. 

In what follows, we make the following assumption: 

Assumption 3.1 (i) Let B{t) = S^ = Ei=o ^n for t > 0; 

(ii) the background process {Jn} is irreducible, i.e., H = H{oo) is an irreducible stochastic 
matrix; and 

(iii) the mean drift of the additive component {Sn} is finite and positive, i.e.. 



h:=vj xdH{x)e e (0, oo), (3.2) 

Jx<m. 

where tu = {wi)i(z.ji is the stationary probability vector of H(oo), and where e is a 
column vector of ones with an appropriate dimension. 

It is easy to see that {B(t);t > 0} is a cumulative process because {{B(n), Jn);n = 
0, 1, ... } is a discrete-time Markov additive process. Let < tq < ri < ■ ■ • denote hit- 
ting times of {J„} to state zero, which are regenerative points of {B{t)}. Let ^q(z,^) = 

E[^ArogiCAiJo] and ipi{z, = E[z^^ie'«^^i]. We then have 

M^, = zM) + ^3+(0 {l - zH^^y' ^^+(0, (3.3) 

^i(^,0 = ^^o,o(0 + zrj+iO {l - zH^^y'zh^O, (3.4) 

where I denotes the identity matrix with an appropriate dimension and 

{0} P\{0} ,J»' "\™ 



The first term of (13.41 ) corresponds to the event where a regenerative cycle lasts only for a unit 
of time, i.e., the background process {Jn} moves from state zero to state zero in one transition. 
The second term corresponds to the event where {Jn} moves from state zero to a state in D\ {0} 
and then eventually returns to state zero. The equation (13.31) can be understood in a similar way. 
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Fixing ^ = in (|3.3I) and (13.41) and taking the inverse of them with respect to z, we have 

P(Aro = k) = l{k = 1)A) + 1(A; > 2)^4H+f-^h+, fc = 0, 1, 2, . . . , 

P{ATi = k) = l{k = l)Hofi + lik>2)rj_^_(H+)''-^h+, A; = 0, 1,2, . . . . (3.5) 

Therefore, Atq and Ari follow discrete phase-type distributions [|29l . Further, we have the 
following result by using the renewal reward theory (see, e.g., [|45l Chapter 2, Theorem 2]) and 
the discrete-time version of the ergodic theorem (see, e.g., [|71 Chapter 3, Theorem 4.1]): 

Proposition 3.1 Under Assumption \3.1\ 

E[AB 



j = ^ xdH{x)e = he{0,oo) 



■ E[An] 

In what follows, we present two theorems that supersede Propositions II .41 and II .51 Before 
doing this, we introduce three lemmas for the proofs of the theorems. 

Lemma 3.1 Suppose Assumptions \3.1\ holds. Further, let (3{x) = f°^ d(3{y) and H{x) = 
J^ dH{y) for x E M. and suppose there exist some c* G [0, oo) and some nonnegative r.v. 
Y E S such that 

a'^oo P[Y > X) x^oo P{Y > X) 

where f3 = (/3j)jei[i) is a finite nonnegative vector and H = {Hij)iji^ji is a finite nonnegative 
matrix. We then have 

P(A5„ > x) S c*CP{Y >x), n = 0, 1. 

Lemma 3.2 If the assumptions of Lemma \3. h are satisfied, then 

hmsup — — r < c*Ck, for all k = 1, 2, ... , 

x^Kya r\Y > X) 

where C is independent of k. 

Lemma 3.3 If the assumptions of Lemma \3. l\ are satisfied, then for allt > and m = 0,1, . . ., 



pIj2^b, 



> X 



i=l 



N{t)=m] <,c*CtP{Y>x), 



where N{t) = max{k > 0; Y^Li ^^i < tjfort > 0. 

The following theorems present two sets of conditions for (11.21) . Note here that under As 
sumption 13. II the asymptotic equality (11.21) is reduced to P(5'ltj > hx) ~ P{M\t\ > hx) 
P(T > x), where M„ = maxo<fc<n Sk- 



X 



Tail Asymptotics for Cumulative Processes 15 

Theorem 3.5 Suppose Assumption \3. l\ holds and T is independent of the Markov additive pro- 
cess {[Sn, Jn)}- Further, suppose T ^ C, E[T] < oo and 

I d/3(2/) = o(P(T > x)), I dH{y) = o{P{T>x)). (3.6) 

J\y\>x J\y\>^ 

Then P{S\T\ > hx) ~ P(MLrj > hx) ~ P(r > x). 

Theorem 3.6 Suppose Assumption \3. l\ holds and T is independent of the Markov additive pro- 
cess {{Sn, Jn)}- Further, suppose T E C and there exists some nonnegative r.v. Y E S such 
that 



d/3iy) = 0iPiY>x)), / dHiy)=OiPiY>x)), (3.7) 

\y\>x Ay\>^ 

lim E[r ■ 1(T < x,N{T) < x/E[An])]^^^ = 0. (3.8) 

Then P{SiTi > hx) ~ P(MLrj > hx) ~ P(T > x). 
Remark 3.8 The equation (13.81) holds if 

lim E[T ■ 1(T < x)] ^S^ ^ ""} = 0. 

^^oo ^ ^ - ^^ p(r > x) 

It is easy to see that Theorems 13.51 and 13.61 are more general than Propositions 1 1.41 and 1 1.5[ 
respectively, even if B{T) is reduced to the random sum of i.i.d. r.v.s. 

3.3 Special case: continuous-time Markov additive process 

In this subsection, we consider a continuous-time Markov additive process {{B(t), J{t)); t > 
0} with state space M x D and kernel D(x) = {Dij(x))ij^j]), where {B(t)} is the additive 
component and { J(t)} is the background process. For simplicity, we assume -B(O) = 0. We 
then have for all t > 0, 



E[exp{i^B{t)} ■ l{J{t) = j) I J(0) = z] = exp{D{m 



i,jeB, (3.9) 



-I* J 



where -D(^) = J^^^e^^^dD{x) and [■]jj denotes the {i,j)th element of the matrix between 
square brackets. 

In what follows, we make the following assumption: 

Assumption 3.2 (i) The equation (13.91 ) holds for all t > 0; (ii) -D(O) = D{oo) is an irre- 
ducible stochastic matrix; and (iii) iz J^^^xdD{x)e G (0, oo), where tt = (7rj)jgp denotes the 
stationary probability vector of -D(O). 
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Under Assumption 13 .21 {B{t)} is a cumulative process, and it follows from the renewal 
reward theory (see, e.g., [|45l Chapter 2, Theorem 2]) and the continuous-time version of the 
ergodic theorem (see, e.g., [0 Chapter 8, Theorem 6.2]) that 



h:-- 



E[Ai?i] 
E[Ari] 

Further, it follows from (13.91 ) that 



77 



/ x<lD{x)e e (0,oo). 

JxeR 



E[exp{i^BiT)}-liJit)=j)\JiO) = t] 
exp{B(Ot}dP(T < t) 



-I «j 



(7*)" 



= E 

n=0 

oo 

-■■J2p--\{k{0} 



dP(T<t)-[|j + 7-^£>(0} 



«j 



n=0 



(3.10) 



J* J 



where 7 = maxigu |Dj,((oo)|. Note here that K{x) := I + 'y~^D{x) (x e R) can be considered 
as the kernel of a discrete-time Markov additive process {{Sn, Jn)} discussed in the previous 
subsection. Note also that {p„; n = 0, 1, . . . } is the distribution of the counting process of 
Poisson arrivals with rate 7 during time interval (0, T]. It is easy to see that if T G C, then such 
a counting process is a cumulative process that satisfies all the conditions of Theorem 13.41 and 
thus 

CX) 

n=k+l 



The equation (13.101 ) implies that {B{T), J{T)) is equivalent to a discrete-time Markov ad- 
ditive process {{Sn, Jn)} with initial condition 5*0 = (i.e., l3{x)e = for all x > 0) and 
kemel H{x) = K(x) (x E M) sampled at random time T', where T' denotes a nonnegative 
r.v. such that P(T' = n) = p„ (n = 0, 1, . . . ) and T' is independent of {{Sn, Jn)}- As a result, 
using Theorems 13.51 and 13.61 we can readily prove the following corollaries, whose proofs are 
omitted. 



Corollary 3.1 Suppose Assumption 13.21 holds and T is independent of the Markov additive 
process {(i?(t), J{t))}. Further, suppose T E C,E\T] < 00 and 



[ dD{y) = o{P{T>x)). 

J\y\>x 



Then P(5(T) > bx) ~ P(M(T) > bx) ~ P(T > x) 
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Corollary 3.2 Suppose Assumption 13.21 holds and T is independent of the Markov additive 
process {(_B(t), J{t))}. Further, suppose T & C and there exists some nonnegative r.v. Y E S 
such that 

[ dD{y) = 0(P(r > x)), lim E[T ■ 1(T < x)]^^^ = 0. 

J\y\>x ^'^^ P{T > X) 

Then P{B{T) > bx) ~ P(M(T) > bx) ~ P(T > x). 

4 Application 

In this section, we first introduce a new (discrete-time) on/off arrival process, ON/OFF-BMAP, 
mentioned in Section[TJ We then apply our main results to the subexponential asymptotics of the 
loss probability of a single-server finite-buffer queue with an ON/OFF-BMAP and deterministic 
service times. 

4.1 ON/OFF batch Markovian arrival process 

We describe the definition of ON/OFF-BMAPs in discrete time. The time interval [n, n + 1] 
{n G Z) is called slot n, where Z = {0, ±1, ±2 . . . }. The ON/OFF-BMAP is an on/off arrival 
process, where on-periods and off-periods are repeated altemately. The lengths of off -periods 
are i.i.d., and no arrivals occur in off-periods. On the other hand, during an on-period, at least 
one arrival occurs in each slot w.p.l and the numbers of arrivals in respective slots follow a 
BMAP started with some initial distribution at the beginning of the on-period. Further, the 
lengths of on-periods are i.i.d., but the length of each on-period may depend on the BMAP 
in the on-period. For simplicity, the BMAP in the mth (m G Z) on-period is called the mth 
BMAP 

To describe the ON/OFF-BMAP more precisely, we define some notations. Let A^m,n {rn G 
Z, n = 0, 1, ... ) denote the number of arrivals in the nth slot of the mth on-period. Let 
Jm,o, Jm,i, Jm,2, ■ ■ ■ (m E "L) dcnotc the background states of the mth BMAP. We then assume 
that 

P(A^m,o = k, Jmfl = i) = ai{k), i eB, k = 1,2, . . . , 

where a{k) = {ai{k))i(zD is a 1 x d nonnegative vector such that a := Yl'kLi f^ik) is a proba- 
bility vector. We also assume that for n = 1,2, . . . , 

PiNm,n = k, Jm,n = j \ Jm,n-1 = l) = A,j{k), «, j G D, k = 1,2, . . . , 

where A{k) = {Aij{k))iji^o is a d x d substochastic matrix such that A := J2T=i ^(k) is an 
irreducible stochastic matrix. 
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Let Tm (rn E Z) denote the length of the mth on-period. Let ^m ("^ G Z) denote 

^m = {Tm, {Nmfi, Jmfl), (A^m,!, Jm.,l), ■ ■ ■ , (^m,T,„-l5 Jm,Tm-l)}- 

We then assume that the $m's {rn E Z) are i.i.d. Thus the T^'s (m E Z) are i.i.d. r.v.s though 
each Tm may depend on the mth BMAP, i.e., {(A^m,n, Jm,n)'-, ^ = 0, 1, . . . }. 
For later use, let A denote the arrival rate during on periods. We then have 

oo 

\ = (j)"^kA{k)e>l, (4.1) 

fc=i 

where (/> = (0i)igD denotes the stationary probability vector of A. 

Remark 4.1 The ON/OFF-BMAP is a generalization of the batch-on/off process introduced by 
Galmes and Puigjaner (TT]. In the batch-on/off process, the numbers of arrivals in respective 
slots are i.i.d. and independent of the lengths of i.i.d. on-periods. Based on the Wiener-Hopf 
factorization (see, e.g., [3. Chapter VIII, Section 3]), Galmes and Puigjaner [fT8l[T9l study the 
response time distribution of a single-server queue with a batch-on/off process and deterministic 
service times. 

Remark 4.2 The ON/OFF-BMAP is similar to the PAP proposed by Alfa and Neuts ^ and 
Breuer and Alfa [8|. The PAP can be considered as a special case of the ON/OFF-BMAP in 
the sense that the lengths of on-periods and (resp. off-periods) follow a phase-type distribution. 
However, in the PAP, it is allowed that no arrivals occur in a slot of the on-period. 

4.2 Loss probability of (ON/OFF-BMAP)/D/l/K queue 

We begin with the description of our queueing model. Customers arrive at the system accord- 
ing to an ON/OFF-BMAP. The system has a single server and a buffer of finite capacity K. 
The service times of customers are all equal to the length of one slot. According to Kendall's 
notation, our queueing model is denoted by (ON/OFF-BMAP)/D/l/i^. 

For analytical convenience, we assume that arrivals in each slot of the on-period occur at the 
same time, immediately after the beginning of the slot. We also assume that departure points 
are located immediately before the ends of respective slots. 

Under the above assumptions, we discuss the loss probability of the (ON/OFF-BMAP)/D/l/i^ 
queue. For this purpose, we observe the queue length process immediately after the ends of re- 

(K) 

spective off-periods. Let Lm {m E T) denote the queue length immediately after the end of 
the mth off-period. Let I^ (m E Z) denote the length of the mth off-period. Further, let Am 
(m E Z) denote 

T™-1 

Am= 5^(iV^,„-l), (4.2) 

n=0 
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which is the increment in the queue length during the mth on-period. We then have 

Lifi = (min(LW + A^+i, K) - rj^,)\ 

where {x)~^ = max(x,0). Note here that {Am}, {I^} and {Tm} are sequences of i.i.d. r.v.s. 
For later use, let A, 1°^ and T denote generic r.v.s for {^4^}, {I^} and {T^}, respectively. 

We now define P^^J as the loss probability, which is the time-average of losses. In the mth 
renewal cycle consisting of the mth on- and off-periods, the numbers of arrivals and losses are 
equal to Am + Tm and (L[^_\ + y4m — 7^)+, respectively. It then follows from the renewal reward 
theory (see, e.g., [|45l Chapter 2, Theorem 2]) that 



4.3 Subexponential asymptotics of the loss probability 

In this subsection, we derive some subexponential asymptotic formulas for the loss probability 
PjQgg . To achieve this, we use the following proposition: 

Proposition 4.1 (Theorem 5 in ||22]| ) Suppose < E[A] < oo and let A^ denote the equilib- 
rium r.v. of A, i.e., P(Ae <x) = {l/£[A])^P{A > y)dy for x > 0. IfE[A] < E[r^] and 
Ae G S, then 

^°^^ E[A] + E[T] E[A] + E[T] ^ " '' 
To utilize Proposition |4T1 we consider a cumulative process {B{t); t > 0} such that 

B{t)=Y,{Nm,n-l), (4.3) 

n=0 

which is nondecreasing with t. For simplicity, let X„ = N-^.n — 1 and J„ = J^.n for n = 
0,1,.... Further, let Sn = ^"=0 Xiforn = 0,l,.... It then follows that B{t) = Sin for t > 
and {{Sn, Jn)', n = 0,1, . . .} is a Markov additive process with state space {0, 1, . . . } xD, initial 
distribution ct{k) and Markov additive kernel A{k + 1) {k = 0, 1, . . . ). Thus the stochastic 
process {B{t)} in (14.31) is a cumulative process of the same type as that in subsection 13.21 As 
with subsection 13. 2[ let < tq < ri < ■ ■ ■ denote hitting times of { J„} to state zero, which are 
regenerative points of {B{t)}. From (|4.1I ) and Proposition 13. 11 we have 

E|Ari] 
We now assume the following: 
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Assumption 4.1 A > 1 and there exists some nonnegative r.v. Y E S such that 

oo oo 

Y, «(o = o{p{Y > k)), Y. ^(^) = ^(P(^ > ^))- 

l=k+l l=k+l 

In what follows, we show four subexponential asymptotic formulas for the loss probability 
by combining Proposition 14.11 with the main results in Section [3l The first two formulas are 
obtained from the results in the non-independent-sampling case, and the others are from those 
in the independent- sampling case. 

Corollary 4.1 Suppose Assumption \4.1\ holds and E[A] < E[I"^]. Further, suppose (i) T G 
C}l^ for some < ^ < 1/3; {ii) E[T] < oo and the equilibrium r.v. T^ ofT is subexponential 
(i.e., Te G S); and (Hi) E[exp{Q{Y)}] < oo for some Q e SC such that x^^^"^ = 0{Q{x)). We 
then have 

In addition, if (iv) each for m G Z, T^ — 1 is a stopping time with respect to {Nm^n]^ = 
0, 1, . . . }; and (v) cx.{k) = (pA{k) for k = 1, 2, . . ., then 



-,{K) K A - 1 
loss \ 



P{T,>K/{\-l)). (4.5) 



Remark 4.3 Condition (v) implies that BMAPs in on-periods are stationary and thus P( Jm,n = 
j) = (j). (j G D) for all m G Z and ra = 0, 1, . . . , T^ - 1. 

Proof of Corollary \4. 1 [ We first show that the cumulative process {-B(t)} in (14.31) satisfies the 
conditions of Theorem 13.11 To do so, it suffices to show that condition (ii) of Theorem 13. II is 
satisfied. It follows from Assumption 14. H and Lemma [311 that for n = 0, 1, 

P(AS„ > x) < CP{Y > x), for all x > 0. (4.6) 

Thus condition (iii) of Corollary 14.11 implies E[exp{(5(Ai?„)}] < oo {n = 0,1). Further, 
E[exp{Q(Ar„)}] < oo (ra = 0, 1) because the distribution of Ar„ is phase-type. Therefore, 
condition (ii) of Theorem 13 . 1 1 holds . 

Next, applying Theorem 13. 11 to the cumulative process {-B(t)} in (14.31 ) with sampling time 
Tm-l (see (1421) ). we obtain 

P{A > x) ~ P(T - 1 > x/(A - 1)) = P(T > x/(A - 1) + 1), 

which implies that E[yl] < oo and 

P(Ae > X) ~ ^^ppip(^e > X/{X - 1)). 
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Combining this with Proposition 14. 1 1 yields (14.41) . 

Finally, we prove (14.51) . Taking the expectation of both sides of (14.21) and using the domi- 
nated convergence theorem, we have 



'— y-^m ~r -^ rr 



■T,„-l 



V N 

/ J -'■ "171,71 



n=0 



5^1(T„-l>n)iV„,„ 



n=0 



n=0 

oo 

E[iVm,o] + 5^ E[]1(T„ - 1 > n)iV„,„] 



(4.7) 



n=l 



It follows from condition (iv) of Corollary Othat l(Tm-l>n) = l- l{Tm - 1 < n - 1) is a 
function of {A^'^.o, Nm,i, ■ ■ ■ , A^m,n-i} and thus given Jm.n-i, Nm,n is conditionally independent 
of {Tm — 1 > n}. Therefore, for all m G Z and n = 1, 2, . . . , 

E[l{Tm-l>n)N^,n] 

= ^ PiJm,n-l = j)E[l{Tm - 1 > n)Nm,n \ Jm,n-1 = j] 



j& 



-1=J\ 



= P(T^ -l>n)^ P{Jm,n-l = j)E[Nm,n \ Jr, 

jeo 
= P{T„, - 1 > n)E[Nm,n]- 

Condition (v) of Corollary 14. 1 l and (|4.1I ) yield (see Remark 1431) 

oo 

E[A^m,n] = y^ kA{k)e = A, for all m G Z, n = 0, 1, . . . 



(4.8) 



fc=i 



from which and (14.81 ) we have E[l(Tm — 1 > n)Nm,n] = AP(Tm — 1 > n). It thus follows from 
(14771) that 



E[A^ + T^] = A ^ P(T^ - 1 > ri) = AE[T]. 



n=0 



Substituting (|431 ) into (|44l) yields (52 



(4.9) 
D 



Remark 4.4 Condition (iv) of Corollary 14. II is used to obtain (14.81 ). However, according to 
Wald's lemma (see, e.g., [7, Chapter 1, Theorem 3.2]), this condition is weakened to that {T^ > 
n + 1} is independent of Nm,n for m G Z and n = 0,1, . . . . 

Corollary 4.2 Suppose Assumption \4. 1 1 holds and E[A] < E[J°'^]. Further, suppose (i) T G C; 
(ii) E[T] < oo; and (Hi) xP{Y > x) = o(P(T > x)). We then have l\4.4\) . In addition, if each 
for 771 G Z, Tfn — 1 is a stopping time with respect to {A^m.n! ^ = 0,1,...} and cx.{k) = (pA^k) 
for k = 1,2, . . ., then ( 14. 51) holds. 
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Proof. Since C C Cr\V (see Remark [24l) . conditions (i) and (ii) imply T^ E S (see Theorem 3.2 
in ETl ). Thus, if the conditions of Theorem 13.21 hold, we can readily obtain (14.41) and thus 
(14.51 ) by following the proof of Corollary |4.1| (and using Theorem 13. 21 instead of Theorem 13. 11 ). 
Therefore, in what follows, we confirm that the conditions of Theorem 13. 2 1 are satisfied. 
Since the distribution of Ar„ (n = 0, 1) is phase-type, 

E[(Ar„)P] < oo, forallp>0. 

Thus, since T E C, Proposition 12. 1 [ implies that for some 7 > 0, 

xPfAx > x) 
limsup — " — r — < Climsupx'''^^P(Ar„ > x) =0. 

Further, it follows from Assumption 14. II Lemma ISTI and condition (iii) of Corollary 14. 2 1 that 

xP(A5„ >x) = 0(xP(F > x)) = o(P(r > x)). 

With these results, we obtain 

xP{\ABi - Aril > x) < x[P{ABi > x) + P(Ari > x)] 

= o{P{T>x)). 

As a result, it is shown that conditions (i)-(iv) of Theorem 13.21 are satisfied. As for condition 
(v) of Theorem ll!2l condition (v.b) is satisfied by E[T] < 00. □ 

Corollary 4.3 Suppose Assumption \4.1\ holds, E[yl] < E[I°^] and Tm is independent of the mth 
BMAPfor all m e Z. Further, suppose (i) T e C^/^ for some < < 1/2; (ii) E[T] < 00 
andTe G S; and (iii) E[exp{Q(Y)}] < 00 for some Q G SC such that x^ = 0{Q{x)). We then 
have A4.4\) . In addition, ifa.{k) = <pA{k) for k = 1,2, . . ., then ( 14.51) holds. 

Proof. Note first that if Tm (m G Z) is independent of the mth BMAP, then Tm is a stopping 
time with respect to {Nm,n', n = 0,1,...}. Thus, the proofs of Corollaries 14. II and |43] imply 
that to prove (14.41 ) and (14.51 ). it suffices to show that the conditions of Theorem 13 . 3 1 are satisfied. 
We already know that E[(Ari)^] < 00. Further, since the cumulative process {B(t)} in (14.31 ) 
is nondecreasing with t, we have Ai?* = Ai?„ > (n = 0, 1). It thus follows from (14.61) 
and condition (iii) of Corollary l43l that E[exp{Q{AB^)}] < 00 (n = 0, 1), which leads to 
E[(Ai?i)^] < 00. As a result, the conditions of Theorem 13 . 3 1 hold . D 

The following corollary is proved by using Theorem 13. 5 1 

Corollary 4.4 Suppose Assumption ^. l\ holds. E[A] < E[I°^] and Tm is independent of the mth 
BMAP for all m G Z. Further, suppose (i) T G C; (ii) E[T] < 00; and (iii) P{Y > x) = 
o(P(r > x)). We then have ( |?!?1 ). In addition, if OL{k) = <pA{k) for k = 1,2,. . ., then f |?31 ) 
holds. 
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Proof. It is easy to see that the conditions of Theorem 13.51 are satisfied. Thus, similarly to the 
other theorems in this subsection, we can prove (I4.41 i and (14.51) . □ 

Finally, we mention previous studies related to the results presented in this subsection. 
Zwart [|46ll and Jelenkovic and Momcilovic fl24ll study the subexponential asymptotics of the 
loss probability of finite-buffer fluid queues fed by the superposition of independent on/off 
sources that generate fluid at constant rates. These studies assume that active periods of each 
on/off source are regularly varying or consistently varying, and then derive asymptotic formulas 
for the loss probability such that the decay of the loss probability is connected to the tail of the 
equilibrium distribution of active periods. 

A Preliminary Lemmas 

This appendix presents preliminary lemmas, whose proofs are all given in Appendix |Bl 

A.l Higher-order long-tailed distributions 

Lemma A.l IfX G C^^^ (i.e., X" G C)for some < 9 < I, the following are satisfied: 
(i) lim^^oo e^^'''P(X > x) = oo for any e > 0, i.e., P{X > x) = e"°(^*\ 

(ii) X G C^/"^ for all 1 < 1/r/ < 1/6. 

Remark A.l Lemma lAJl (ii) implies that D''^ C C^^ for 1 < pi < p2. 

Lemma A.2 For any < 9 < 1, X e C}^^ if and only ifP{X > x- ^x^-^) ~ P(X > x) for 
all ^ G M. 

Lemma IAT21 is an extension of Lemma 1 in [|25l . The following lemma shows that the if -part 
of Lemma I A . 2 1 holds under a weaker condition. 

Lemma A.3 For any < 9 < 1, X e C}^^ if P(X > x - ix^-^) ~ P(X > x) for some 

i G M\{0}. 

Remark A.2 The statements of Lemmas [A . 1 j - IA . 3 1 are presented in a slightly different way in a 
technical report [|34l (see Lemmas 1-3 therein), where the statements are described in terms of 
/i-sensitivity (see Chapter 2 in [iT6l for the definition of /i-sensitivity). 

Lemma A.4 Suppose X G C}l^ for some < < L Let g denote a nonnegative function on 
[0, oo) such that limsup^^^^ g{x)/x < 1. Then for any e > 0, there exists x^ > such that for 
all X > Xe and < u < g{x), 

P{X>x-u)< P(X > x)e"("'+^\ 
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Lemma A.5 C C C°°, i.e., C C C^^'^ for any < 6 < 1. 

A.2 Subexponential concave distributions 

The subexponential concave class was first introduced by Nagaev [|35l . According to Nagaev's 
definition of SC, condition (iii) of Definition 12.21 is replaced by the following condition: (iii)' 
there exist xq > 0, < a < 1 and < /3 < 1 such that for all x > xq and l3x <u < x, 

Qx{x) -Qx{u) x-u 
Qx{x) X 

Actually, Nagaev's definition is equivalent to Definition 12.21 Lemma 3.1 (i) in [|23l shows 
that Nagaev's definition implies Definition 12.21 The converse follows from Theorem 2 in [|39l . 
though the phrase "Q{x)/f{x) is nondecreasing" should be replaced by "Q{x)/f{x) is nonin- 
creasing". 

Remark A.3 Suppose Q e SC is differentiable. It then follows from (lA.ll) and (12.11) that 

Q'(x) := ^Q(x) < ^^ < Cx"-\ (A.2) 

ax X 



It is known that SC C S* (see Lemma 1 in (Ml), where S* is a subclass of S and is defined 
as follows (see, e.g., Il20l ): A d.f. F on [0, oo) is said to be in S* if F has a finite positive mean 
/i and 



j.^ r Fix y) p^y^^y ^ 2/.. 



An important property of S* is that F E S* implies F, F^ E S, where F^ denotes the equilibrium 
distribution (or integrated tail distribution) of F, i.e., Fc{x) = fi^^ J^ F{y)dy for x > 0. 

The following lemma establishes the relationship between class SC and the higher-order 
long-tailed class. 

Lemma A.6 (i) SC^ C C^l^for allO<a< (3 <1. 
(ii) X" E C if X E SCafor some < a; < 1 and 

lim Qx(x)/x" = 0. (A.3) 

a;— >oo 

A.3 Regular varying distributions 

The definition of class 7?. is as follows: 
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Definition A.l A nonnegative r.v. X and its d.f. Fx are said to be regularly varying with index 
—a {a > 0) if 

lim £^d!^ = y-»^ for all v > 0. 

x^oc Fx{x) 

Further, the class of such distributions is denoted by TZ^a, and the regular variation class 71 is 
given by Ua>oTZ-a- 

Remark A.4 Every regular varying distribution F can be expressed as F{x) = x~"L{x) for 
some a > 0, where L is a slowly varying function, i.e., L E IZq (see section 1.5 in |l6l). 

Remark A.5 It is known that 7^ C C (see, e.g., [[HI [HI). Thus 7^ C C C £°° C £p C £ for 
any p > 1 (see Remark IATTI and Lemma IA31) . 

The following lemma is used to prove Theorem 13.21 

Lemma A.7 Let U denote an r.v. in M with E[|f/|] < oo. Suppose P{U > x) = o(P(F > x)) 
for some nonnegative r.v. Y with E[Y] < oo. Then for any /i > E[[/], there exists some r.v. Z in 
M such that E[Z] = ^, Z > U w.p.l, and for all sufficiently large x > 0, 

Fz{x) = Io{x)Fy{x), 

where Iq is some slowly varying function such that limj._i.oo ^0(2^) = 0. 

A.4 Bounds on the deviation probabilities 

Lemma A.8 Let Xn's (n = 1, 2, ... j denote independent copies of a nonnegative r.v. X with 
E[X] > and E[X^] < 00. Let Nx{x) = m.ax{k > 0; J2n=i -^n < x} for a; > 0. Then for any 
6 > 0, there exist some constants C := C{5) > and c := c{6) > such that 



P I Nxix) - ——r >u\ < Cexp{-cuyx}, Vx > 0, < Vn < 5x. (A.4) 

Remark A.6 Lemma |AT8] is very similar to, but not exactly the same as Lemma 6 in [|25l . The 
latter states that there exists some S > such that (IA.4I) holds. 

The following lemmas are extensions of Lemma 2.3 in fl43ll and Lemma 2.2 in ^0] to the 
maxima of partial sums of i.i.d. r.v.s. 

Lemma A.9 Let Un's (n = 1,2, ... ) denote independent copies of an r.v. U in M, which satisfies 
E[[/] = and E[(f/+)'] < 00 for some r > 1. Then for any fixed •y > and p > 0, there exist 
some V := v{r,p) > and C := C(f ,7) such that for all n = 1, 2, . . ., 

P f max y^Ui>x\ < nP(U > vx) + Cx'^, Vx > jn. (A.5) 

\l<fc<n-'^^ I 
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Lemma A.IO Let Un's (n = 1, 2, ... j denote independent copies of an r.v. U in R. Suppose 
< E[f/] < CO and U'^ G C. Then for anyy > E[U], there exists some constant C := C(7) > 
such that for all n = 1,2, ... , 

P ( max ^Ui> x] < CnP{U > x), Vx > -fn. (A.6) 

A.5 Convolution tail of matrix-valued functions associated with subexpo- 
nential distributions 

Let F = (Fij) and G = (Gij) denote uiq x mi and mi x 11x2 matrix- valued functions on 
M. Assume that Fij{x) and Gij{x) are nonnegative and nondecreasing for all x G M and that 
Fjj(oo) := Mm^^oo Fij{x) < 00 and G'jj(oo) := \im.x:^oo Gij{x) < 00. We then define 
F{x) = F(oo) - F{x) and G{x) = G(oo) - G{x) for xeR. 
Let F * G denote the convolution of F and G, i.e., 

F*G{x)= F{x-y)dG{y)= dF{y)G{x-y), x eR. 



Let F * G(x) (x e R) denote 



F * G{x) = F* G(oo) - F * G(x) = F(cx))G(cx)) -F* G{x). 

When i^ is a square matrix-valued function (i.e., mo = mi), we define F*^ (n = 1, 2, . . . ) as 
the n-fold convolution of F itself, i.e., 

F*"(x) = F*("-i) * F{x), xeR, 

and for convenience, define F*^(x) as zero matrix (denoted by O) for x < and F*^{x) = I 
for X > 0. Further, for the n-fold convolution F*", let F*"'{x) (x G M) denote 



F*"(x) = F*"(oo) - F*"(x) = (F(oo))" - F*"(x). 

We then have the following lemma, which is the upper-limit version of Proposition A. 3 in [|33l 
and Lemma 6 in ETI . 

Lemma A.ll Suppose for some r.v. F G 5, 

where F = (Fij) and G = (Gij) are finite, and where F = G = O is allowed. We then have 



lim sup ^f*^^""] < FG(oo) + F{oo)G. (A.8) 

x—^oo ri^Y > X) 
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Further, suppose F is a square matrix-valued function. Then 

limsup ^^> < 5^(F(oo))'F(F(oo))"-'-\ (A.9) 

a;— >oo r[i > X) 

In addition, ifYl'^=oi-^('^^))"^ is finite, then 

li^^^P E Pfvl\ ^ (^ - Fioo))-'FiI - F{oo))-\ (A.10) 

n=0 

B Proofs of Lemmas 



B.l Proof of Lemma 2.1 



To prove Lemma IXTl we consider another (possibly delayed) cumulative process {B{t);t > 0} 
on M, which satisfies |-B(0) | < oo w.p.l and has the same regenerative points as {B{t);t > 0}, 
i.e., r„'s (n = 0, 1, . . . ). Let A5„ = S(7:„) -S(r„_i) and AB*^ = sup,_^<i<,,^ B{t)-B{rn-i) 
for n = 0,1, . . . . The A_B„'s (resp. A5*'s) (n = 1, 2, . . . ) are i.i.d. and independent of ABq 
(resp. ABq). We assume that 

P(0 <B*^<oo) = l {n = 0, 1), E[|A5i|] < oo. 

Unlike {B(t)}, the expected increment of {B{t)} per regenerative cycle, i.e., E[Ai?i], is not 
necessarily assumed to be positive. 

The following lemma is an extension of Proposition 1 in [|25l . Using the lemma, we can 
readily prove Lemma IITI 

Lemma B.l Suppose E[(A5i)^] < oo and b := E[ASi]/E[Ari] is finite and nonzero. Let 

AVtn = A5;-min(6,0)Ar„ > 0/orn = 0, 1, . . .. //E[(Ari)2] < oo anJE[exp{Q(An„)}] < 
oo (n = 0, 1) for some Q G SC, then for all x,u>0, 

P ( sup {Bit) -ht}>u\<C (e-'="'/" + e""" + xe-'^^^")) , (B.l) 

where C and c are independent ofx and u. 

Note that if i?(i) = B{t), then 6 = 6 > 0, Afi„ = Afi; and 

P ( sup {B{t) -ht}>u\ = P ( sup {B{t) -bt} >u 

On the other hand, suppose B(t) = —B(t). We then 6 = — 6 < and 

Af]„ = sup (5(r„_i) -B{t)) + bATn 
=: AB** + bArn > &Ar„. 
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Thus E[exp{(5(Ai7i)}] < oo implies E[(Ari)^] < oo (see Remark [l!2l) . We also have 



P sup {B{t) -ht}>u]=P\ inf {B{t) -ht] <-u]. 

yO<t<X I \f)<t<X 



As a result, Lemma 12.11 follows from Lemma IB.ll As for the proof of Lemma IB.U see Ap- 
pendix |B]T6l 



B.2 Proof of Lemma 3.1 



We first partition (3 and H as 



{0} ©\{0} 



{0} ©\{0} 

Then, letting 2; = 1 in (13.31) and (13.41) and taking the inverse of them with respect to ^, we have 

00 
P(Afio <x) = Po{x) +/3+*Yl ^T * ^+(^)' (B-2) 

n=0 

00 

P(Afii <x) = Ho,o{x) + rj^*Y,Hl^* h+{x), (B.3) 



n=0 



where "*" denotes the operator of convolution and the superscript "*n" represents the nth-fold 
convolution (see Appendix I A. 5 1) . Applying Lemma lA.lll to (IB. 21 ) and (IB. 31 ). we obtain 

limsup ^15,^° ^^^f ^ < c*Po + c*^+{I - H+)-^h+ 



PiY > x) 






and 



f3e + d+iI-H+)-\H+e + h+) 



limsup ^l,,^\^^f < c*Ho^o + c*^+(/ - H+)-^h+ 



<c*C, 



P{Y > x) 



+ rj^I - H^)-\c*H^)iI - H+r% 



vM-H, 



-l/„* 



c*h. 



c* yHofl + r7+e + T7+(/ - H+)-\H+e + ^+) 

c*(l/n7o) roo(#o,o + ^+e) + tu+(i/+e + /i+) 
c*{l/wQ)ijjHe < c*C, 
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where we use (/ — H^) ^h+ = e (which is due to /i+ + H+e = e); and also use vcr^ : = 
(^i)ieD\{o} = '^oV+{I — H^Y^ and wq = l/E[Ari] (see, e.g., [|71 Chapter 3, Theorems 2.1 
and 3.2]). 



B.3 Proof of Lemma 3.2 



Let V^i(A;, (A; = 0, 1, . . . ) denote 



V'i(fc,0 = E[]l(Ari = fc)e^«^^^] 



It then follows from (Il4l) that for A; = 1, 2, 

1 d'' 



2 = 



= 1(A; = l)i?o,o(0 

= l(fc = l)^o,o(0 + Hk > 2)r7+(0 ■ (^+(0)'"' • ^+(0- 



^+(0 



z=0 



(B.4) 



Taking the inverse of (IB .41) with respect to ,^ and applying Lemma lA.lll to the resulting equation, 
we obtain 



lim sup 



P(Ari = k, ABi > x) 



P{Y > x) 
< c*l{k = l)Ho,o + c*l{k > 2) lri+(H+)''-% 

{k-3 ^^ 

1=0 

+ c*l{k > 2) \r]4H+f-^hA , for all A; = 1, 2, ... . 



(B.5) 



Note here that (3i = (resp. Hij = 0) implies A = (resp. Hij = 0). Thus we can fix /3 < Cf3 
and H < CH. Therefore, from (13.51 ) and (IB.5I ). we have for all /c = 1, 2, ... , 



P(Ari = k,ABi > x) 



<.. c*C 



l{k = l)kHo^o + l{k > 2)k \ r}^{H+Y-'h+ \ PiY > x) 



c*CkP{ATi = k)PiY >x) 



where C is independent of k. 
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B.4 Proof of Lemma 133 



Under the assumptions made in subsection 13.21 N{t) = A^([tJ) for all t > 0. Thus, without 
loss of generality, we can fix t = n, where n is a nonnegative integer. 

Since event {N{n) = m} is equivalent to {^™ i Atj < n, X^i^t ^'^i > "^l' '^^ ^^^^ 



P [N{n) = m,J2^Bi > 

i=l 

(m m+1 

Y, Ari < n, ^ An > n, ^ ABi > 
j=i «=i j=i 

n / m m \ 

^pK^Ari = A;,^Afii>a: P(Ar„+i > n - A;). 



(B.6) 



fc=i \ i=i 



j=i 



Note here that 



j=i 



PlJ^Ar, = A;,5^A5, > 

m 



fciH \-km=k i=l 

m 

X K I > ' ABi > X 



ATi = ki, i = l,2,...,m 



(B.7) 



Note also that the Ai?j's {i = 1,2, ... ,m) are conditionally independent given that An = ki 
{i = 1, 2, . . . , m). It thus follows from Lemmas 13.21 and lA.llI that for {ki, . . . , k^) such that 

2^j=l f^i = k, 



p E^^^ 



> X 



i=l 



ATi = ki, i = l,2,...,m 



<x{ki + --- + km) ■ c*CPiY >x) = k- c*CPiY > x). 



Combining this with (IB.7D yields 

/ m m 

P 5^Ar, = A;,^ASi> 



X 



, i=l 



«=1 



<.c*Ck Yl llPi^ri = h)P{Y> 

fciH \-km=k i=l 



z*Ck-P Q]]Ari = fc) P(r > 



X) 



(B.8) 



i=l 
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From (IB .61) and (|B.8I) . we obtain for all n = 0, 1, . . . and m = 0, 1, . . . , n. 

(•m 
N{n) = m,^ABi > 

n / m 

S c*CY,kP lj2Ar, = k] P(Ar^+i > n - k) ■ P{Y > x) 

k=l \i=l J 

n / m \ 

< c*Cn ^ P K]] Ari = A; P(Ar„+i > n - k) ■ P{Y > x) 

k=i \i=i ) 

= c*CnP{N{n) = m) ■ P{Y > x). 



B.5 Proof of Lemma A.l 



We start with a basic result, Proposition IB. 1 1 below, which is used to prove Lemma IATI and 
some other ones. The proof of this proposition is given in Appendix IB. 171 

Proposition B.l For any 7 > and x > y > 0, 

{x + yy <x^ + C(l--) yx^'-\ (B.9) 

{x - yy > x^ - C (1 - -Y^x''-^ (B.IO) 

where C is independent ofx and y. 

In what follows, we give the proof of Lemma lATl We first prove the statement (i). It follows 
from X^ G £ that lim^^oo e^^P(X^ > y) = 00 for any £ > 0. Thus letting x = y^/'^ for y > 0, 
we have 

lim e"^'P(X >x)= lim e"^''P(X^ > x^) = lim e"^P(X^ > y) = 00. 

x—^OD x—>oo y—^oo 

Next, we prove the statement (ii). Fix y (0 < y < x/2) arbitrarily. We then have 

PiX^>x + y) _ PiX'>ix + yy/^) 
- P{X^>x) P{X<^>x^/^) ■ ^ ■ ^ 

It follows from < 9/r] < 1 and Propo sition IB . 1 1 that for any x > 1 and < y < x/2, 

{x + y)^/" < x^/" + Cyx^/"^-^ < x^/" + Cy, 

from which and X^ G £ we obtain 

P{X'>{x + yy/^) ^ ,. P{X' > x'l^ + Cy) _ , ,„..^ 

i™ P(X''>x^/^) -i™ P(X''>x^/^) ^ '' 

Combining (I02l) with (IbIH) yields P(X^ > x+y) ~ P(X'' > x) for any |/ > 0, i.e., X*? G £. 
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B.6 Proof of Lemma IA.2 



(If part) Proposition |BT| implies that {x + yY/^ < x^l^ + Cyx^l^ ^ for any x > and < y < 
x/2. Thus we have for any y > 0, 

P(X^>x + i/) ^ P(X > x^/^ + Cy ■ jx'/y-') _ 

-™ P{XO>x) -i™ P(X>xVe) 

which shows that X^ E C. 

(Only-if part) We fix ^ such that x^ > 2\^\. It then follows from Proposition |BT| that 

[x-^x'-y>x'-c(l-^^ ^>x'-2C^, e>0, 



x" 



[x - ix'-y <x' + c[l-^^ (-0 <x' + 2C(-0, i < 0. 



Thus for ^ > 0, 

, P(X >x- ^x^-^) , P(X^ >x^ - Ci) 
1 < lim ^ ^ '- < lim ^ , , — -^ = 1, 

- x^oo P(X > X) - x^oo P{X^ > x^) 

where the last equality follows from X^ G C Similarly, for ^ < 0, 

1 > ,„„ P(X >-- (-'-') > ,i,„ P(X'>.' + C(-i)) ^ ^ 

- x^oo P(X > X) - x^oo P(X'^ > X^) 

As a result, P{X > x - ^x^"^) ~ P(X > x) for any ^eR. 



B.7 Proof of Lemma A.3 



Proposition IB . 1 1 implies that for all x > 2, 

{x + iy/'<x'/' + c-ix'/'y-', (B.13) 

ix-iy/'>x'/'-c-ix'/'y-'. 

Using (IB.13I) , we have 

,. P(X^>x + l)^,. P{X > x'/' + c ■ {x'/y-') 



1 > lim — 7-T^T7. ^ — > lim 



P(X^ > X) - x^oo P{X > Xl/e) 

,. P(X>x + Cxi-^) 
lim 



>oo P{X > X) 

Similarly, we have 

P(X^ > x) ,. P(X > x) 

1 > lim —47 — > lim ^ ^ 



x^oo P(X^ > X - 1) - x^oo P{X > X - Cxi- 
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Therefore, if either 

P(X > a; + Cx^-'^) ~ P(X > x) or P{X > x - Cx^-^) ~ P(X > x), (B.14) 

then P(X^ > a; + 1) ~ P(X^ > x), which shows X^ G £, i.e., X e O'^ . 

In what follows, we prove that either of the two limits in (IB. 141) holds. By assumption, there 
exists some ^ G IR\{0} such that 

?{X>hi.{x))^?{X>x), (B.15) 

where h^{x) = x — ^x^^^ for x > 0. Thus since h^{x) ~ x, 

,__^ P(X > h,(h,(.))) ^ ,._^ P(.^ > /.,(M^))) „,„ P(A; > H-)) ^ 1. (B.16) 

^^oo P(X > X) ^^oo P(X > h^{x)) x^oo P(X > x) 

Further, for any < £ < 1, the following inequalities are satisfied for all sufficiently large 
X > 0. 

h(.{x)>x-{l+e)ix^-^>ht:{ht:{x)), if ^ > 0. (B.17) 

h^{x)<x-{l + e)^x^-'^ <h^{h^{x)), if ^ < 0. (B.18) 

The second inequalities in (IB. 171) and (IB. 181) hold because 

[x - (1 + e)ix^^'] - h{h{x)) = e \~ex^-' + {h{x)Y''] ~ ^(1 - ^)x^'' ■ 

It follows from (|B.15I) - (IB.18I) and the squeeze theorem (see, e.g. Il26l Chapter IV, Theorem 
14.3]) that for ^ G R \ {0} such that (|B13]) holds, 

P(X > X - (1 + e) ■ ^x^"^) ~ P(X > x), < £ < 1, 

which implies that 

P(X > X - (1 + eY ■ ix^'^) ~ P(X > x), for all n = 1, 2, . . . . 

As a result, either of the two limits in (IB. 141 ) holds. 



B.8 Proof of Lemma A.4 



The case of m = is obvious. Therefore, we focus on the case of m > 0. For any x > m, we 

have 

P{X>x-u) _ P(X^ > (x - uf) P(X^ > x^ - u% 

P(X > x) ~ P(X^ > x^) - P(X« > x^) ' ^ ■ ' 
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where we use (x — uY > x^ — u^ forO < u < x. Let y denote a nonnegative number such that 
y = x^ — u^. We then have 



P(X^ >x^ -u'^ 



P(X^ > y) 



P{XO > a;^) P{XO > y + u^ 



n 



r««i-i p x'^>y + 2 



M 



\u^] 



P X^ > y + (i + 1) 



M 



[n^l 



(B.20) 



It follows from X^ E C that for any e > there exists some yg > such that for all y > y^, 

P(X^ > y) 



<e' 



< 7 < 1, 



P{X^ >y + -f) 
where y^ is independent of 7. Thus since < u^ /\u^] < 1, we have 



r^"!-! p x''>?/ + z 



\u^] 



n- 

i=o p ( x^ > y + (z + 1) 



£[«*! ^ ^e(««+i) 



M 



r«^i 



y >ye, 



from which, (IB7T9|) and (iRlOl) it follows that 

P(X > x-m) 



<e 



£(«"+!) 



P(X > x) 

for all s, u > such that x^ — u^ > y^. 
Note here that for all < m < (^(x), 

liniinf(x — m ) > liniinf \x — {g{x)} 1 = liminf 



(B.21) 



X 



9[X) 



CXD, 



where the last equality follows from limsup^j^oo di^)/^ < 1. As a result, there exists some 
Xg > such that for all x > x,. and < m < ^^(x), we have x^ — u^ > y^ and thus (IB.21I) holds. 



B.9 Proof of Lemma A.5 



Suppose X E C. The definition of C shows that for any v > 1 there exists some c{v) > such 

that lim^^^i c{v) = 1 and 

P(X > vx) 



lim inf 



civ . 



x^oo P(X > x) 

Since x + 1 < f x for all sufficiently large x > 0, we have for any < 9 < 1, 

lim inf ^ ^ > lim inf L., /,.. = c{v^^^) -> 1, as i; ; 1. 



P(X« > x) 



>oo P(X > Xl/e) 



On the other hand, it is clear that P(X^ > x + 1) <x P{X^ > x). Therefore, we obtain 

P(X'' > X + 1) ~ P(X^ > x), i.e., X'^ G C. 
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B.IO Proof of Lemma A.6 



For any < /3 < 1, it follows from (lA.ll ) that for all sufficiently large a; > 0, 



P(X > x) 



< exp{aQxix)/x'^}. 



Since Qx G SCa, 



Qx{x) < Ca;", for all x > xq. 
Thus for any /3 G (a, 1], we have 

P(X > x-x^- 



1 < 



P(X > x) 



< exp{Cx" ^} — )■ 1, as X — )■ oo, 



(B.22) 



which implies X^ E C due to Lemma |A3I Further, if (IA.31 ) holds, then substituting (IA.3I ) into 
dEH with /3 = a yields P(X > x- a;^-") ~ P(X > x), i.e., X" G £. 



B . 1 1 Proof of Lemma A.7 



It follows from that Lemma 4.4 in p4| that there exists some nonincreasing slowly varying 
function Iq such that /o(0) = 1, lim3;.^oo ^0(2;) = and P{U > x) = o{Iq{x)P{Y > x)). Thus 
for any e > and Xq > 0, there exists some X2 := X2{e, Xq) > Xq such that 

Fuix) < do(x)Fy(x) < Fc/(0), Vx > Xa- 

Let Xi := Xi{e) denote 

Xi = inf {x G [xo,X2];-F;7(a;) < £loix2)FYix2)} ■ 

Note here that since Fu is right-continuous, 

Fu{Xl) < do(x2)Fy(x2). 

We then define Z(e, Xq) as an r.v. in R such that (see Figure [T]) 

X < 0, 



Fzis,xo){x) 



Fu{x), 

Fu{0), < X < xo, 

Fu{x), Xq < X < Xi, 

do(x2)-Fy(x2), Xi < X < X2, 

elo(x)FY(x), X > X2. 



(B.23) 



Clearly, Fz{e,xo){x) > Fu{x) for all x G M. It thus follows from (IB. 231) that 
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£^x)Fy(x) 




^/^(Xjj-ry^Xj j 



» X 



where 



From (IB .241) and (IB.25I) . we have 



Figure 1: Tail distribution of Z(£, xq). 

< E[Z{e,Xo)]-E[U] 
=: Si{e,Xo) + S2ie,Xo) + Ss{e,Xo), 

r^o 

Si{e,xo)= / (FuiO) - Fuix))dx, 



(do(x2)Fy(x2) - Fu{x)) dx, 

oo 

{eU{x)FY{x)-Tu{x))dx. 

X2 



Um y Sj{e,XQ)> Um S'i(£:, Xq) = c>o. 



Xq— >-00 



i=i 



Xq— >00 



Further, from (|B.26I ) and (|B.27I ). we have 

/■oo 

52(5, xo) + S'iie, xo) < / (do(a;)Fy (x) - Fjj[x)) dx 

J X\ 
POO 

< / eFy(x)dx, 



(B.24) 

(B.25) 
(B.26) 
(B.27) 

(B.28) 



where the second inequality follows from lo{x) < 1 for x > 0. Therefore, since E[F] < 00, 



which leads to 



lim(5'2(£:, Xo) + 83(6, Xq)) = 0, 
£4-0 



limlim >^ S^,(£:,Xo) = limlimS^i(£:,Xo) = 0. 



(B.29) 



Note here that ^.^^ 8j{e, xq) is continuous for all £ > and xq > 0. Thus, (IB .241) . (IB.28I) and 
(IB .291 ) imply that E[Z(e, xq)] — E[[/] can take any value in (0, 00). As a result, the statement of 
Lemma lATTJ holds for Z = Z{e, xq). 
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B.12 Proof of Lemma A.8 



\u+x/E[X]\ 



Event {Nx{x) >u + x/E[X]} implies event {Eili ^n < x} and thus 

/ N l[u+x/E[X]\ \ 



\u+x/E[X\\ 

<P| E (l-X„)>n-l|, (B.30) 



71=1 



where the X„'s {n = 1,2, . . .) are independent copies of X := X/E[X]. Using Markov's 
inequality (see, e.g., Il44l ). we have for any s > 0, 



<e«(i+^/E[x])(^E[e-^])"^^^'''", (B.31) 

where the last inequality follows from E[e**^^^"^)] > exp{s(l — E[X])} = 1 due to Jensen's 
inequality (see, e.g., [|44l '). Further, for any s > 0, 

E[e-^^] < 1 - sE[X] + s^E[X^] = l-s + s^E[X^], (B.32) 

because e"^ < 1 - x + x^ (Vx > 0) and X > w.p.l. Substituting (IB.32I) into (|B.31|) . we 
obtain 

/lu+x/Elx]\ \ ,:,.mx^ 



< e^exp|-sM + s2E[X2]((5 + l/E[X])x} 
=:e'expl-su + s^d{5)x\, (B.33) 



where we use 1 + x < e^ (x G M) and m < 5x in the second and third inequalities. 

We now fix s = (u/x){2C{5)}~^, which is finite for any fixed S > due to < u < 5x. 
Thus (IB33]) yields 



pC^-„_l,,>._l)<exp{-i^}.exp{-^^ 



n=l 

Combining this and (IB. 301) . we obtain (IA.4I) . 
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B.13 Proof of Lemma IA.9 



For all n = 1, 2, . . . and k = 1,2, 

' i=l ) l<k<n I i=l J 

'^Ui>x[c [j {Ui> x/k} C [j {Ui> x/n} , x>0. 

. j=l J l<i<fc l<j<fc 

Thus for any fixed positive integer riQ and all n = 1, 2, . . . , no, we have 



max 

l<fc<n 

j=l J l<i<n l<i<n 



J2Ui>x\ C \J {U,> x/n} C [j {Ui> x/no} , x > 0, 

i I 

which leads to 

P max 2, Ui > X \ < nP(U > x/uq), n = 1,2, . . . , uq, a; > 0. 
Further, it follows from U+ e C C V that P(f/ > x/uq) < CP{U > x) for all x > and thus 
P I max ^Ui>x] < CnP{U >x), n = 1,2, . . . ,no, x > 0. 



k 



i=l 



Therefore, it suffices to show that (IA.6I ) holds for all sufficiently large n. 

Let Ui = min(?7j, vx) for i = 1, 2, ... , where < f < 1 is a constant. Then E[f/i] < 
because E[f/] =0. Thus for all a; > 0, 



k 

X 



P max V f/j > 

\ - - i=l 

< P I max Ui > vx ] + P \ max > Ui > x, max Ui < vx 

\^l<j<n J \l<fc<»i'^-^ l<i<n 

( ^ ~ 

< nP(U > vx) + P \ max ^^ Ui > 

\ i=l 

< CnP{U > x) + P I max y^Wi>x], (B.34) 



i=l 



where Wi = U — E[[7i] for i = 1,2,.... The second term on the right hand side of (IB. 341 ) is 
estimated as follows. For any s > 0, 

P max y^ IVj > a; I = P max exp < s \^ Wi>>e^ 
\i<fc<n-^^ / \i<fc<n I -^^ I 
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Since function x i-)- e^^' is convex, {exp{s X]i=i ^i}'-, ^ = 1, 2, . . . } is submartingale (see, e.g., 
[|44ll ). It thus follows from Doob's submartingale inequality (see, e.g., [|44l ) that for any s > 0, 



P I max ^Wi>x\ <e-'^E 



i=l 



exp <^ s ^ Wi 



i=l 



e-^^'E[exp{s?7i}]" ■ exp{-snE[f/i]}. 



(B.35) 



Fix 1 < g < min(r, 2) and 



1 



^ t;x ^°^ V^E[(f/+)9] 



^,?-i2,g 



+ 1 . 



(B.36) 



Then following the proof of Lemma 2.3 in [|43l . we can show that there exist positive constants 
Ci := Ci(w,7) andi; := v{r,p) < min(r — 1, l)/(2p) such that for all x > 7nandn = 1,2, ... , 



e-^^E[exp{sf/i}]" < Cix-p. 



Therefore, it remains to estimate exp{— snE[t/i]} in (|B.35I) . 
From (IB. 361 ). E[f/i] < 0, a; > 7n and n > 1, we have 



snE[Ui] < — log , ;-r..,,^^ 



v'^-^x'^ 



+ 1 



■E[f/i]). 



(B.37) 



Further, it follows from that E[U] = and P(t/+ > x) = o{x-'') (due to E[(f/+)^] < oo) that 
for all a; > 0, 

-E[Ui] = E[U-l{U>vx)] 

= E[f/+-l(f/+>fx)] 

= vxP{U~^ >vx)+ / P(f/+ > y)dy 

J vx 

= o(x-''+^). 
This equation and (|B.37|) imply that for all x > 777. and n = 1, 2, . . . , 

exp{— snE[[/i]} < C2 < 00, 



where 



C2 := ^2(1;, 7) = supexp<^ —log p...., - , 



yl-lx" 



+ l]Cx 



-r+1 



As a result, letting C := C{v, 7) = Ci(f , 7)C2(f , 7), we can see that the inequality (IA.5I) 
holds for all x > 'jn and n = 1, 2, . . . . 
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B.14 Proof of Lemma lAJOl 



Let U' = U - E[f/] - e and U'^ = Ui - E[U^-;\ - £ for i = 1,2,..., where e > 0. Clearly, 
£[U'] = -£ < 0. It follows from the theorem in [|28l that for all x > (E[f/] + e)n and 

n = 1,2, ..., 



k \ / k 



P max V f/j > X < P max V f/,' > x - (Eff/l + e)n 

^ px—E[U]n 

< — / P(f/' > l/)dy 



^ ^x-(E[C/]+e)r 

< CinP{U' > X - {E[U] + e)n) 

<CinP{U >x-{E[U]+e)n), (B.38) 



where Ci > is some constant independent of x and n. Since t/^ E C C V, we have for all 

x > (1 + (5)(E[[/] + e)n, n = 1, 2, . . . and 5 > 0, 

P(t/ > a; - (E[f/] + £)r2) < P(f/ > 6x/{l + 6)) < C2P{U > x), (B.39) 

where C2 > is some constant that depends on 6 and {1 + 5){E[U] + e). Substituting (IB. 391) 
into (IB. 381) . we have 

P I max y^Ui>x] < CiC2nP(U > x), x > (1 + S)(E[U] + e)n, n = 1, 2, . . . . 

\ l<k<n ^—^ I 

\ J=l / 



B.15 Proof of Lemma A.ll 



It follows from (|A.7I) that for any e > there exists some xq > such that for all x > xq, 

F^,j{x) < (F,,, + e)P{Y > x), 1 < z < mo, 1 < J < mi, 

G^J{x) < {G^,J + e)P{Y > x), 1 < « < mi, 1 < J < ms. 

We now define P = (Pij) and Q = (Qij) as mo x mi and mi x m2 matrix- valued functions 
on R such that 



Pi,j{x) := Pi J {00) - Pi J (x) 



Qi,j{x) := Qi j{oo) -Qij{x) 



^ij(oo), 




X <0, 




F^A^)^ 




<x < 


2^0, 


(F,,+£)P(y>x), 


X > Xo, 




Gijioo), 




x<0. 




Gi,j{x), 




0<x< 


Xo 


(G.,,+e)P{Y 


>x). 


X > Xo. 





Tail Asymptotic s for Cumulative Processes 



41 



Clearly, Fij{x) < Pij{x) and Gij{x) < Qij{x) for all x e M. Thus, following the proof of 
Proposition A. 3 in [|33l and letting e 4- 0, we can readily prove that 



F*G(x) ,. P*Q(x) ~^, , ^, ,~ 
limsup ^,^, ^ < Urn ^,^^^^ = FG(oo) + F(oo)G, 

which implies that the first statement (IA.8I) is true. The second statement (IA.9I ) follows from 
the first statement (|A.8I ). As for the third statement (|A.10t . it is straightforward from Lemma 6 
in [ini because F™(x) < P™(s) for all xeR. 



B . 1 6 Proof of Lemma B.l 



It follows from (12.11) that there exists some x* > such that 



Q{x/3) > -Q{x), for all x > x^ 



(B.40) 



Let r] denote any fixed positive number such that r]xl > 1. We then discuss three cases: (a) 
< a; < r]xl, (b) x > rfu^ and (c) rfxl < x < rfv? separately. In case (a), (|B.1I) holds for 
C > e^''"'*)^ because Ce"''"' > Ce~ (''''* ^^ > 1. In case (b), dB.ll ) also holds for C > e because 
(Jq-vu /x ^ (7e-i > 1. Therefore in what follows, we consider case (c). 
For all t > 0, 



B{t) ~bt< 



N{t-To) 



i=l 



Af(i-ro) 

- min(6, 0)(Aro + ATN(t-To)+i) -b ^ Ar^ 



j=i 



N{t-To) 



i=l 



where N{t) = maxjn > 0; J2^=i ^^i — f^^ t > 0. Thus we obtain 



P ( sup {B{t) -bt}>u 

.0<t<x 



U 



u 



< P(Af]o>77) +P(A^i> ttI + P I max V(A5i - 6Ar,) > 

i=l 



U 

3 



< P (An„ > ^) + P (An. > I) + P (^^max^^^ ^(AB. - lAr,) > | j . (B.41) 
It follows from E[exp{(5(Ai7„)}] < oo (ra = 0, 1) and rfxl > 1 that for all x and u such that 



r]x1 < X < Tju^ 



71 = 0,1, 
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from which and (|B.41I) we have 
P 
We now fix (5 > arbitrarily and then have 



( sup {B{t) - bt} >u] < Cxe-'^^"/^) + P I max VfAE^ - bAn) > - | . (B.42) 

\0<t<x J y<n<N{x)^ 3 / 



P I max y^iABi - bAn) > " 

\ l<n<Af(x) -^^^ 
\ 1=1 

< P (n(x) - —^ >6x] +pI max VfAE^ - bArA > - ) . (B.43) 

- V E[Ari] J \^l<n<(5+l/E[An])x^^ ^ 3j ^ 

Applying Lemma |AT8] (which requires E[(Ari)^] < oo) to the first term on the right hand side 
of (|B.43I) . we have 

Note that Afii > and A^i > ABi - bAn, which leads to A^i > {ABi - 6Ari) + . Thus 
E[exp{Q(Afii)}] < oo yields 

E[exp{Q((A5i - 6Ari)+)}] < oo. 

Further, it follows from E[(Ari)^] < oo, E[(Afii)^] < oo and Holder's inequality (see, e.g., 
[041) that 



E[AfiiAri] < y^E[(Afii)2]v/E[(Ari)2]<oo, 

which implies E[(A_Bi — 6Ari)^] < oo. 
We now need the following result: 

Proposition B.2 (Lemma 5 in I25J-'-) Let Ui's (i = 1, 2, ... j denote independent copies of an 
r.v. U in M. 7/'E[f/^] < oo and E[e'^('^^)] < oo for some Q G SC, then for all x,u>0, 

P [max < X^ t/, - nE[U] \ > u] <C ('e'^"'/" + xe'^^/^^^^^'A , 



j=i 



where C and c are independent ofx and u. 



1 



Applying Proposition IB. 21 to the second term on the right hand side of (IB. 431) and using 
E[A5i - bAn] = 0, we obtain 

P ( max Y(AB, - bAn) > - | < ^^ (e-'^^'/^ + ^e-^ymiu/sA _ ^^.^^^ 

\ l<n<{5+l/E[ATi])x^ 3 / V / 



^Although E[[/^] < cx) is not explicitly assumed in Lemma 5 in ll25l . this condition is required to prove the 
lemma (see p. 1 10 therein). 
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Substituting (IB .441) and (|B.45I) into (IB.43I) yields 

P ( max y"(A5, - 6Ar,) > - ) < C fg-^^ + e"^"'/^' + xe-^^/^^^^^/^^)) , 

\ l<n<N{x) ^ 3 / V / 

from which and (|B.42I) . we have 

P ( sup {B{t) -ht}>u\ <C (e-''' + e"^"'/^ + a;e-(i/2)Q(n/3)A ^ (^ ^^^ 

Recall that in case (c), u > x^ and therefore Q{u/^) > {l/3)Q{u) due to (|B.40|) . Finally, 
(IB461) yields (iBll) . 



B.17 Proof of Proposition IB.l 



We first prove (IB.91 ). The Taylor expansion of (a; + y)'^ is given by 



n=0 



from which we have 



{x + yy<x- + y ^^^^-'^---[^-''^'^U iy"yx^-\ (B.47) 



n! \x 

n=l 



Note here that 



"-1-L7J 
|7(7-l)---(7-n + l)|=7(7-l)---(7- [7j)- JJ (^ + [tJ - 7) 

< 7(7-1) ■■■(7- [7J) -n!. 



Thus since y/x < 1, 



00 



|7(7-l)---(7-^ + l)l/y\"-i / /y 



n! vx/ -^ — ' \x 

n=l n=l 



n — 1 



n=l 

^(^_l)...(^_L7j).(l-^)"\(B.48) 



Substituting (IB.48I) into (IB .471) yields (|R9|) . 

In the same way as the proof of (IB.9I) . we have 



n=l 

from which and (IB.48I ) we obtain (IB.IOI ). 



7(7-1) •••(7 -^ + 1)1 ,^y\"-i ^_i 

x/ 

n=l 
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C Proofs of Main Results 



C.l Proof of Theorem 3.1 



Using the monotonicity of {_B(t)}, we have for x >1, 

P{B{T) > x) < P(T > X - x^/^) + P{B{T) > X, T < X - x^'^) 
< P(T > X - x^/^) + P(5(x - x^'^) > x), 

P{B{T) > x) > P{B{T) > X, T > X + x^/^) 

= P(T > X + x^/^) - P(5(T) < X, T > X + x2/3) 
> P(T > X + x^/^) - P(fi(x + x^/^) < x). 
Further, since T G £^, it follows from Lemma \A2\ that 

p(T > X + x^/^) ~ P(r > X - x^/^) ~ P(r > x). 

Thus it suffices to show that 

P(5(x - x^/^) > x) = o(P(T > X - x^/^)), 
P(5(x + x^/^) < x) = o(P(r > X + x^/^)). 

For X > 1, we have 

P(5(x - x'/^^) > x) = P {B{x - x'/'^) - (x - x'/^) > x'/^^) 

< P I sup {B{t) -t)> x^l'^ 

y0<i<x-x2/3 

< P ( sup [B{t) -t)> x^/M , (C.l) 

\0<t<x J 

P{B{x + x^/^) < x) < P{B{x + x^/^) < X + (l/2)x2/^) 

= P {B{x + x2/3) _ (^ + 3,2/3) < _(i/2)x2/3) 

< P f inf (5(t) - 1) < -(l/2)x2/3^ 

V0<t<X-+x2/3 / 



< P inf (Bit) - 1) < -(l/2)x2/3 . (C.2) 

\^0<t<2a; J 

Applying Lemma [XT] (i) to the right hand side of (IC.ll) . we obtain 

P(5(x - x^^^) >x)<C (e-'^"'^' + e-^" + xe--^^^"'^')) , x > 1. (C.3) 

Since T^ e C, we have P(T > x) = e-°(^') (see LemmalXB and thus for any < ^ < 1/3, 






lim sup ^y^ = lim sup e 

— ca; 

^™^^P p/^^ _ 2/3^ = limsupe-"^+°(^'') = 0. 

x— )-oo r (^-t > X X ' J x—^oo 
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Further, it follows from (|3D and P(T > x) = e-°(^') that 

As a result, we have P{B{x — x^/^) > x) = o(P(T > x — x^/^)). 

As for P{B(x + x^/^) < x), applying Lemma [ZTI fii) to the right hand side of (|C.2I ) yields 

P(5(x + x'/^) <x)<C ('e-^"''" + e-^^" + a;e-=««i/2)x^/3)' 

Therefore, similarly to the estimation of (|C.31 l, we can readily show P(i?(x + x^^^) < x) = 
o(P(T>x + x2/3)). n 



C.2 Proof of Theorem 3.2 



We fix 5 G (0, 1) arbitrarily. For x > 0, we have 

P{B{T) > x) < P(T > (1 - e)x) + P{B{T) > x, T < (1 - e)x) 
< P(T > (1 - £)x) + P(5((l - £)x) > x), 

P{B{T) > x) > P(fi(T) > X, T > (1 + e)x) 

= P(T > (1 + e)x) - P{B{T) < X, T > (1 + £)x) 
> P(T > (1 + e)x) - P(5((l + e)x) < x). 

Since T G C, 

limliminfP'^f'^+^'^'^l. (C.4) 

£40 rc^oo P(T > x) 

r r P(T>(l-£)x) 

limlimsup -— ^ = 1. (C5) 

eiO ^.^oo P(T > X) 

Therefore, it suffices to show that 

P(5((l - e)x) > x) = o(P(r > x)), (C.6) 

P(S((l + e)x) <x) =o(P(T>x)). (C.7) 

For X > 0, we have 

P(fi((l - e)x) > x) = P(fi((l - e)x) - (1 - e)x > ex) 

< P I sup (S(t) - 1) > ex ) , (C.8) 

P(fi((l + e)x) < x) = P(5((l + e)x) - (1 + e)x < -ex) 

< P(5((l + e)x) - (1 + £)x < -ex/2) 

< P I sup (t - fi(t)) > ex/2 

\0<t<{l+e)x 
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Let N{t) = max{n > 0; XlLi ^^i < for t > 0. We then have 

N{t-To) 

5(t) - t < A5o + A5^(,_,„)+i + J] (A5,-At:,), (C.9) 

Af(t-ro) 

t - B{t) < Aro + Ar^(i_,„)+i + Y, (^^i - ^^^)- 

Note here that A^(t - tq) < A^(t) < iV((l - e)x) for < t < (1 - e)x. It thus follows from 
(ICSl) and dCS]) that 

P(5((l - e)x) >x) < P(Afio > £3^/3) + P(A5i > £a;/3) 



P I max 

l<fc<Af(( 



X y^iABi - Ar,) > ^a; I , x> 0, (CIO) 
i-.)x)^ 3 J 



where we use the inequality P(X(i) + X^^) + X^^) > x) < ^^^^ p(x('") > x/3) for any triple 
of r.v.s ^('"^'s (m = 1, 2, 3). Similarly, 



P(S((1 + £)x) < x) < P(Aro > ex/Q) + P(Ari > ex/6) 

+ P| max V(Ari - Afii) > -a; 1 , a; > 0. (C.ll) 



l<A:<7V((l+e)x) -^^^ 6 

Further, since T E C C V, condition (iii) yields 

,. P(AS„ > ex/3) ^ ,. P(A5„ > ex/3) ,. P(T > ex/3) ^ 

lim ^ttt;; ^ < lim sup ^,^ — lim sup ^,^ ^ — = 0, 

x^<^ P{T>x) - x^oo P(T>£a;/3) ^-^oo P(T > x) 

,. P(Ar„ > ex/6) ^ ,. P(Ar„ > ex/6) ,. P(T > ex/6) ^ 

lim 7:77::^ ^ < limsup ^,^ -— limsup ^,^ ^ — = 0. 

x^oo P{T>x) - ^^00 P(T>£a;/6) ^^00 P(T > x) 

As for the third terms in (IC.lOl i and (IC.lll ), they are estimated as follows: for any 5 > 0, 

P I max y^(ABi - ArJ > -x 

\l<k<Ni{l-e)x)'^ 3 

<p(iV((l-.)x)-^i^><5x 

+ P I N((l - e)x) - ~ , < 6x, max V(A5i - At,) > -x 
\ ^^ ' ' E[Ari] - \<k<N({,i-e)x)^^ ' 3 



i=l 



<P[N{{l~e)x)-^-^^>8x 



k 

+ P I max y^lABi - AtA >-x], x > 0. (C.12) 

\l<k<{5+{l-e)/ElArr]}x^^ 3 ' 
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Similarly, for any 5 > 0, 

P I max y^(Ari - Afij) > -x 

\l<k<N{(l+e)x)^ 6 

k 

e 



+ P max V(Ari-A5i)>-x , a; > 0. (C.13) 

\ l<fc<{5+(l+e)/E[An]}x-^' 6 / 

According to Lemma IA.8I the first terms in (|C.121 i and (|C.13t are bounded from above by 
(Jq-cx ^ o(P(T > x)). As a result, to prove (|C.6I ) and (IC.7I ). it remains to show 



P I max 

l<fc<{5+(l-£)/E[Ari]}x -^ 



^(Afi, - Ar,) > |x I = o(P(r > x)), (C.14) 



max V(Ari - A5i) > ^x\ = oiPiT > x)). (C.15) 

l<fc<{<5+(l+e)/E[ATi]}a:'^^^ 6 / 

V 4 = 1 / 

In what follows, the proof of (|C.14I) and (IC.15I) is performed under condition (v. a) and 
condition (v.b), separately. 

C.2.1 Condition (v.a) 

Suppose condition (v.a) holds and fix 7 such that 

£ 1 £ 1 

7 = mm 



3 5 + (l-e)/E[Ari]' 6 5 + (1 + e)/E[An] 
6' 5+il + e)/E[Any ^^-^^^ 



It then follows from Lemma IAI91 that for any fixed p > 0, 

P [ max ^{ABi - At,) > -a; j < CxP{ABi - An > vx) + Cx'^, 

where v is some finite positive constant depending on p. Further, from T E C CV and condition 

(iv), we have 

xP(ABi - Ati > vx) 
lim -— — 

x^oo P(T > X) 

xP(ABi - Ati > vx) , P(r > vx) 
< lim sup — hm sup — — — = 0. 

1:^00 P(T > vx) x^oo P(T > x) 

We now fix p > J+, where J+ denotes the upper Matuszewska index of the d.f. of ABi — 
Ati (see subsection l2.2l) . Proposition 12.11 implies that x^^ = o{P{ABi — Ati > x)), and thus 
condition (iii) yields x^^ = o(P(T > x)). Therefore, (IC.141 ) holds. Similarly, we can prove 
dCT?]) . 
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C.2.2 Condition (v.b) 

Suppose condition (v.b) holds and define Y as an r.v. in M such that 

P{Y > x) = min(l, cP(T > x)/x), x > 0. 

It then follows from T E C and conditions (iv) and (v.b) that 

F+gC, E[r]<oo, P(|A5i-Ari| >a;) = o(P(r >a;)) = o(P(T>a;)/x). 

Therefore, Lemma lATTl implies that there exists an r.v. Z in M such that Z > \ABi — Ari | w.p. 1 
and 

< E[Z] < 7, Z+ G C, P{Z >x) = o(P(T > x)/x), 

where 7 is given in (IC.16I) . Since Z > \ABi — Ari| w.p.l, we have 



P I max 

l<fc<{(5+(l-e)/E[Ari]}x- 



J2i^B, - An) > |x j 



< P max } Zi > ex/3 

\l<k<ex/{3-y)'^ 

where the Z/s (i = 1, 2, . . . ) are independent copies of Z. Applying Lemma lA. 101 to the right 
hand side of the above inequality yields 

P I max V(ASi - Ari) > -x] < CxPiZ > ex/3). 

Further, it follows from T G C C P and P{Z > x) = o{P{T > x)/x) that 

xP(Z > ex/3) , xP(Z > ex/3) , P(r > ex/3) 

x^oo P(r > X) x^oo P(T > £x/3) x^oo P(T > X) 

Consequently, we have (|C.14I) . As for the proof of (|C.15I ). we can proceed as in the proof of 
(ICT41) . 



C.3 Proof of Theorem 3.3 



The asymptotic lower bound P(B(T) > x) >^ P(T > x) can be proved in the same way as the 
proof of Theorem 3 in [|25l . Thus we here prove only the asymptotic upper bound P(M(T) > 
x) S PiT > x). 

We fix 6 {0 < 6 < 1) arbitrarily and also fix x such that < 5x < x — ^^/x and ^ > 1, 
which leads to ^/x > ^/{l — 5) > 1. We then have 

P(M(T) >x) = P(M(T) >x,T>x- ^v^) 

+ P(M(T) >x,6x<T<x- ^Vx) + P(M(T) > x,T < 6x) 
< P{T > X ~ ^^/x) 

+ P(M(T) >x,6x<T<x- ^v^) + P{M{Sx) > x). (C.17) 
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Since T E C^, P(T > x — ^y/x) ~ P(T > x) (see Lemma lAl2l) . Therefore, it suffices to show 
that the second and third terms in (|C.17I ) are o(P(T > x)). 
Note first that 

P{M{Sx) >x) = p( sup B{t) -5x>{l- 6)x 

\0<t<5x 

<p( sup {B{t) - t) > (1 - S)x] . (C.18) 

Applying Lemma IHIfi) to (IC.18I) yields 

P(M((5x) >x)<C {e-"'' + xe-"'3((^-'^)^')) 

= o(P(r > x)) + Cxe-'^^^^^-^)^^ 



Further, since x^ = 0{Q{x)) and P(T > x) = e 



-o(x-'') 



j.Q-cQ{(l-S)x) 

lim sup — < lim sup exp | —cx^/C + log x + o(x^) } = 0. 

Consequently, we have P{M[5x) > x) = o(P(T > x)). 

Next, we consider the second term on the right hand side of (|C.17I) . Note that 

P(M(r) > x,5x <T <x- ^Vx) 
= / P{M{u) > x)dP(T < u) 

Jsx 

px — £\/x / \ 

</ P( sup (5(t)-t) >x-M)dP(T<M). (C.19) 

hx \d<t<u J 

Applying Lemma [211 (1) to (IC.19I ) and using (5x < m < x, we obtain 



) dP(T < u) 

dP(T < u) 
= o(P(r>x)) + C/i(x) + C/2(x), 

where 

(C.20) 
(C.21) 



P(M(T) 


> X, (5x < 


T <x- ^v^) 






J 5x 


V 


-C(x-Uf/U _|_ g-CM _|_ , 


yg-cO(x-. 


0^ 


<Ce 


-cfa ^ (J 1 


r-x-i^ 
5x ^ 


+ xe-'^^^^ 


.-«) 


= o(P 


{T>x)) + Ch{x) + Ch{x). 


) 






fiix) - 


= / ^-cix^uf/ 
J 5x 


'MP(r < 


m), 




f2ix) - 


fX — i^y/x 

= / xe-^«(^-' 

Jsx 


^Mp(t < 


u). 
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In what follows, we prove /i(x) = o{P{T > x)) and /2(x) = o{P{T > x)). Note that 
^-c{x-u) jx jg continuous with respect to u. Thus integrating the right hand side of (IC.20I ) by 
parts (see, e.g.. Theorems 6.1.7 and 6.2.2 in [9]) and letting y = [x — u)/ y/x yield 



fiix) < e-'^^i-^)'" + / P(T > n)d(e-"("-")'/") 

Jsx 

^ g-c(i-5)2. ^ / P{T>x- y^)2cye-'y' dy 

/•(l-<5)v^ 2 

= o(P(r > x))+ P(T > X - yy^)2cye-''y dy 

< o(P(T > a;)) + / P{Vt > y/x - y)2cye-^y dy, (C.22) 



where the last inequality holds because (x — yy/xY^'^ > ^x — y for < y < ^x. It thus 
follows from Lemma |A4] that for any e > 0, 

lim limsup / — r 2cye~^'^ dy 

5^oo ^^oo J^ P{T > X) 

= lim limsup / ^ 2cye~'^y dy 



ni-o)^x 

< e^ lim limsup / 2cy exp{—cy'^ + ey}dy 

POO 

< e^ lim / 2cyexp{-cy'^ + ey}dy = 0. (C.23) 



Finally, combining (IC22l) with (IC23l) yields /i(x) = o(P(r > x)). 

We proceed to the proof of f2ix) = o(P(T > x)). Note first that since Q is eventually con- 
cave (see Definition 12. 2|) . Q is continuous for all sufficiently large x > and differentiable for 
all sufficiently large x > except countable points. In what follows, we fix x to be sufficiently 
large such that Q{x — u) has these properties for all 5x < u < x — ^a/x. 

For 6x < u < X — iy/x, we have 

^-cQ{x-u) ^ ^-(c/2)Q{x-u)^-{c/2)Q{x-u) <• g-(c/2)Q(?v^)g-(c/2)Q(x-n) _ 

It thus follows from C21I) that 



(*X — £ \/x 

/2(x) < xe-'=<5(Cv^) / {-e-"^(^-'')}dP(T > u). 

Jsx 



rx—S,^ 
'Sx 

Letting y = x — u and integrating the right hand side by parts and change of valuables (see. 
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e.g., Theorems 6.2.1 and 6.2.2 in [j9J), we have 



/2(x) < xe-"^^^^'^ 



x-iy/x 



e ^«((i-'5)^) + / P(T > M)d(e-"«(^-")) 



6x 



xe 



^-cQi{l~6)x) _^ 



{1-S)x 



P(T > X - y)d(-e-'=Q(^)) 



Sv^ 



(C.24) 



In estimating the right hand side of (IC.24I ). we assume that Q is differentiable, without loss of 
generality. Under this assumption, (IA.2I ) holds for some < a < 1 (see Remark |A3] ). Thus we 
obtain 



/2(x) < xe-'^^^^'^ 



^-cQ({i-5)x) ^fj I p(T > s - y)e-''^^y^dy 



(C.25) 



It follows from T^ E C and Lemma |A4l that for sufficiently small e > 0, 
limsup /•^^-^^" P(T>x-i/) ^_,Q(^)^^ 



^^oo J^^ PiT > x) 

<enimsup/ e'^^-^^^^^My = 0, 

where the last equality is due to x^ = 0{Q{x)). Further, using logs = o{Q{x)) and x^ 
0{Q{x)), we have 

lim xe^'^'^'-^^-' = lim e~'^'^^^^^~^'^^°^^ = lim e''^'^^^^'''^"^'^^^^'^^ = 



g-cQ({l-5)x' 

lim — 

x^oo P(T > X) 



<limsupe-"^''/^+°(^'') = 0. 



As a result, the right hand side of (|C.25I ) is o(P(r > x)). 



n 



C.4 Proof of Theorem |M 

For any e > 0, we have 



POO 

P{B{T) >x)> P{B{u) > x)dP{T < 

J{l+e)x 



U 



> inf P{B{u)> x)P{T> {l + e)x) 

U>{1+£)X 

= inf P ^ > P(r > (1 + e)x) 

u>{l+e)x \ U "^ / 

> inf pf^^^^l^>^P(T>(l + .)x). 

u>{l+e)x \ U 1 + £/ 



(C.26) 
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It follows from the SLLN for {B{t)} (see E Chapter VI, Theorem 3.1]) that for any £ > 0, 

Bin) - u 



lim inf P ( :^(!fL^ > _^_\ > lim inf P 



U 



e 
< 



l + £ 



Note here that (Ell) holds due to T G C. Thus, from (IClgJ) . we have P(S(T) > x) >^ P{T > 
x). 

In what follows, we prove P(M(T) > x) <^. P(T > x). For any e G (0, 1), 

P(M(T) > a;) < P(r > (1 - e)x) + P(M(T) > x, T < (1 - e)x). 

Since (ICSl) holds, it suffices to show P(M(T) > x, T < (1 - e)x) = o{P{T > x)). 
For X > 0, we have 

P(M(T) >x,T< (l-e)x) 

< / P sup {5(t) -t}> x-u) dP(T < m) 

Jo \0<t<'u / 

r{l-e)x / \ 

< / P sup {5(t) - t} > ex dP(T < u). 

Jo \0<t<u J 

Note here that for < m < (1 — e)x. 



P sup {B{t) -t} > ex 

\0<t<u 

< P [AB; + A5;,(„„,^)+, + max ^^(Ai?, - Ar,) > ex 

\ l<k<N(u—To) "—^ 

< P {AB* > ex/3) + P (Afi* > ex/3) 



P I max 

l<k<N{ 






where A^(t) = max{n > 0; J2^=i ^'^i — fo^ t > 0. According to conditions (i) and (iii), 

P(A5,;; >£x/3) = o(P(T>x)), n = 0,l. 
Therefore, the proof will be complete once we show that 

p(l — £)x / ^ \ 

/ P max y^iABi - An) > — dP(T < u) = o{P{T > x)). (C.27) 

Jo \l<k<N{u) ^ 3 1 



Fix a positive number 7 such that 



'~'<:^<F7^- (C.28) 



E[Ari] 37 - E[Ari] 
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We then decompose the right hand side of (IC.27I) into i?i(x) + R2{x) in the following way: 



X P ( max S^{/\Bi - AtA > — , N(u) > — 



/.(l-e)x 

Ri{x) = / dP{T <u) 

Jo 



k 



l<k<N{u) ^ 3 37 

Riix) = f dP(T < u) 

Jo 



l<fc<Af(M) ^^^ 3 37 



For X > 0, we have 



i?i(x) < f ' " P ('Ar(M) > ^"j dP(T < n) < P (n{{1 - e)x) > ^^ . (C.30) 
Note here that 5/(37) - (1 - ^)/E[Ari] > due to (IC28]) . Thus Lemma [Aj yields 

p(iV((l-5)x)>|^ 

< Ce-^^ = o(P(T > x)). 

Combining this with (IC.30I) . we have i?i(x) = o(P(T > x)). 
As for -R2(a;), it follows from (IC.29I ) that 

i?2(x) < / dP(T < m)P f max V(A5i - Ar,) > — 

Similarly to the proof of (IC.141 ). we can prove 

which leads to R^ix) = o(P(T > x)). D 



C.5 Proof of Theorem 3.5 



We first confirm that the assumptions of Theorem 13.51 imply conditions (i), (ii) and (iii) of 
Theorem 13 .41 For simplicity, we assume h = b = 1, which does not lose generality. 
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We now introduce a cumulative process {B^{t)] t > 0} such that 



LtJ 



B+{t) = Y,\Xnl t>0. 



n=0 



Clearly, the regenerative points r„'s of {B(t)} are those of {B^{t)}, and {{B^{n), J„); n = 
0, 1, ... } is a Markov additive process with initial distribution /3^(x) and Markov additive 
kernel H^{x) (x e M), where /3+(x) = 4|<^ d/3(y) and ff +(x) = 4|<^ dif (y). 
Let AB+ = B+{Tn) - B+{t„_i) forra = 0, 1, . . . . We then have 

AB+> sup |5(t)-fi(r„_i)|>A5:> A5„. 

Tn-l<i<Tn 



For A5+, we can readily prove the results corresponding to Proposition 13 . 1 1 and Lemma [3Jl 
with F = T and c* = 0. Thus, 



sup \B{t)-B{ro)\ 

TO<t<Tl 



< E[Afi+] =zu f \x\dH{x)e ■ E[Ari], 

JxGR 



which is finite due to As sumption 13.1 1 (iii). Therefore, the SLLN holds for {B(t)}. Further, we 
obtain 

P(Afi; >x)< P{AB+ >x) = o(P(T > x)). 

Recall here that the distribution of Ar„ is of phase-type and thus E[(Ar„)^] < oo (n = 0, 1). 

The above argument shows that condition (i), (ii) and (iii) of Theorem l3.4l are satisfied. Thus 
we can prove P{B(T) > x) >x P{T > x) in the same way as that of Theorem 13.41 As for the 
proof of P(M(T) > x) <x PiT > x), we also proceed as in that of Theorem 13.41 except for 
the estimation of R2{x) in (IC.29I ). 

As a result, it remains to prove that R2{x) = o(P(T > x)), which follows from (IC.291 ) and 
Lemma |33] with F = T and c* = 0. Indeed, 



n<ex/{3^) 
k 



< 



(l-e)x 

J2 PiN{u) = n) 

n<ei'/(37) 



ex 

y 



N{u) = n j dP(T < u) 



p $:ab, 



> 



ex 



i=\ 



N{u) = n\ dP(T<M) 



»(l-e)x 



< 



/ MdP(T <u) Y P{N{u) = n) ■ o(P(T > x)) 



n<ex/{3^) 



< E[T] ■ o(P(T > x)). 
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C.6 Proof of Theorem 3.6 



Since we obtain (13.61 ) from (13.71 ) and (13.81 ). the proof of Theorem 13.61 follows that of Theo- 
rem l3.51 except for the estimation of R2{x) in (IC.29I ). As for the estimation of R2{x), we apply 
Lemma [33] to (IC.29I) and use (IC.28I) . Consequently, we have 

R2ix) <C I MdP(T <u) Y^ P{N{u) = n) ■ P{Y > x) 

< CE[T ■ 1{T < X, N{T) < x/E[Ari])] ■ P(F > x) 
= o(P(T>x)), 

where the last equality is due to (|3.8I ). 
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